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Name: ____________________________   Class: ______   Date: _________ 

Secondary 4 Mathematics 

Mock Paper 

Topic: Integration 

Duration:  1 hour 45 minutes 

 

Integration 

1 Integrate 𝑠𝑖𝑛2𝑥 +
1

𝑥
 with respect to 𝑥. 

 

[3] 

2 (i) Express 
2𝑥2−7𝑥+4

(1−𝑥)2  in the form 𝐴 +
𝐵

1−𝑥
+

𝐶

(1−𝑥)2. 

(ii) Hence evaluate ∫
2𝑥2−7𝑥+4

(1−𝑥)2

𝑒

−1
𝑑𝑥. 

[6] 

 

[4] 

 
 

Integration (Hence) 

1 (i) Differentiate (𝑥2 + 1) In (𝑥2 + 1) with respect to x. 

(ii) Hence find ∫ 𝑥 𝐼𝑛(𝑥2 + 1) 𝑑𝑥. 
 

[3] 

[3] 

2 Given that 𝑦 =
cos 𝑥

cos 𝑥−𝑠𝑖𝑛𝑥2 , express
𝑑𝑦

𝑑𝑥
 in the form of 

𝑘

(cos 𝑥−sin 𝑥2 , where 𝑘 is a 

constant. 

Hence evaluate ∫
2 co𝑠2 𝑥−cos 2𝑥

(cos 𝑥−sin)2

3𝜋

4
0

𝑑𝑥. 
 

[8] 

3 (a) Show that 
𝑑

𝑑𝑥
 (

𝑙𝑛 𝑥2

5𝑥
) =  

2−ln 𝑥2

5𝑥
 

(b) Hence evaluate ∫
𝑙𝑛 𝑥2

𝑥2

𝑒

𝑙
𝑑𝑥, leaving the answer in terms of e. 

[3] 

 

[5] 

 

Integration (Equation of Curve) 

1 A curve is such that 
𝑑2𝑦

𝑑𝑥2 = 2(1 − 2𝑥). The equation of the normal to the curve at 

the point (−1,7) is 9y = 𝑥 + 64 Find the equation of the curve. 
 

[5] 

2 For a particular curve, 
𝑑2𝑦

𝑑𝑥2 = 6𝑥 + 𝑒−
1

3
𝑥. The curve passes through the point 

𝑃 (0, 12) and the gradient of the curve at 𝑃 𝑖𝑠 – 5. Find the equation of the curve. 

 

[6] 

3 For a particular curve 
𝑑𝑦

𝑑𝑥
= cos 2𝑥 − 3𝑠𝑖𝑛𝑥 + 1 , 0 ≤ 𝑥 ≤ 2𝜋.  The curve has a 

stationary point 𝑃(𝑘,
7√3

4
) where 𝑘 is an acute angle in radian. 

(a) Show that 𝑘 =
𝜋

6
   . 

(b) Find the equation of the curve. 

(c) Determine the nature of the stationary point 𝑃. 

 

 

 

 

[4] 

[6] 

[3] 
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Integration (Area Under Curve) 

1  

 

 

 

 

 

 

 

 

 

 

 

 

The diagram shows part of the curve 𝑦 = √2𝑥 − 4 𝑓𝑜𝑟 𝑥 ≥ 2 . The normal to the 

curve at the point 𝑃, 𝑤ℎ𝑒𝑟𝑒 𝑥 = 4 , intersects the y-axis at point 𝑄. 
(i) Find the equation of the line 𝑃𝑄. 
(ii) Find the area of the shaded region bounded by the normal 𝑃𝑄, the curve 

and the axes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[5] 

2  

 

 

 

 

 

 

 

The diagram shows part of the curve 𝑦 = √1 + 3𝑥, intersecting the y-axis at A.  

The tangent to the curve at the point 𝑃(5,4) intersects the y-axis at B. 

(i) Find the coordinates of A and B.  

(ii) Calculate the area of the shaded region ABP.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[3] 

[3] 
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Answer Key 

Integration 

1 Solution: 

∫ sin2𝑥 +
1

𝑥
𝑑𝑥 = ∫

1−cos 2𝑥

2
+

1

𝑥
𝑑𝑥   

=
1

2
(𝑥 −

sin 2𝑥

2
) + ln 𝑥 + 𝑐  

=
1

2
𝑥 −

sin 2𝑥

4
+ ln 𝑥 + 𝑐   

 

Answer: 
1

2
𝑥 −

𝑠𝑖𝑛 2𝑥

4
+ 𝐼𝑛 𝑥 + 𝑐 

 

2 Solutions: 

(i) 
2𝑥2−7𝑥+4

(1−𝑥)2 =
2𝑥2−7𝑥+4

2𝑥2−2𝑥+1
 

                                                           2 

𝑥2 − 2𝑥 + 1   2𝑥2 − 7𝑥 + 4 

                                                        −(2𝑥2 − 4𝑥 + 2)  

                                                                    −3𝑥 + 2  
2𝑥2−7𝑥+4

(1−𝑥)2 = 2 +
2−3𝑥

(1−𝑥)2  

2−3𝑥

(1−𝑥)2 =
𝐵

1−𝑥
+

𝐶

(1−𝑥)2  

2 − 3𝑥 = 𝐵(1 − 𝑥) + 𝐶  

Let 𝑥 = 1        2 − 3(1) = 𝐶 ⇒ 𝐶 = −1 

Let 𝑥 = 0        2 = 𝐵 + 𝐶      ⇒ 2 = 𝐵 − 1 ⇒ 𝐵 = 3 
2−3𝑥

(1−𝑥)2 =
3

𝑥−1
−

1

(1−𝑥)2  

∴
2𝑥2−7𝑥+4

(1−𝑥)2 = 2 +
3

1−𝑥
−

1

(1−𝑥)2   

(ii) ∫
2𝑥2−7𝑥2+4

(1−𝑥)2  𝑑𝑥 = ∫ (2 +
3

1−𝑥
−

1

(1−𝑥)2) 𝑑𝑥
0

−1

0

−1
 

= [2𝑥 − 3 ln(1 − 𝑥) −
1

1 − 𝑥
]

−1

0

 

= [0 − 3 ln 1 − 1] − [−2 − 3 ln 2 −
1

2
]  

= −1 − [−
5

2
− 3 ln 2]  

=
3

2
+ 3 ln 2 or 3.58 (3s.f) 

 

 

Answer: (i)  2 +
3

1−𝑥
−

1

(1−𝑥)2    (ii) 
3

2
+ 3𝑙𝑛 𝑜𝑟 3.58 (3𝑠. 𝑓) 
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Integration (Hence) 

1 Solutions: 

(i) 
𝑑

𝑑𝑥
(𝑥2 + 1) ln(𝑥2 + 1) = (𝑥2 + 1) [

2𝑥

𝑥2+1
] + ln(𝑥2 + 1)[2𝑥] 

   = 2𝑥 + 2𝑥 ln(𝑥2 + 1) 

(ii) 
𝑑

𝑑𝑥
(𝑥2 + 1) ln(𝑥2 + 1) = 2𝑥 + 2𝑥 ln(𝑥2 + 1) 

     2𝑥 ln(𝑥2 + 1) =
𝑑

𝑑𝑥
(𝑥2 + 1) ln(𝑥2 + 1) − 2𝑥 

      𝑥 ln(𝑥2 + 1) =
1

2

𝑑

𝑑𝑥
(𝑥2 + 1) ln(𝑥2 + 1) − 𝑥 

      ∫ 𝑥 ln(𝑥2 + 1)𝑑𝑥 =
1

2
∫

𝑑

𝑑𝑥
(𝑥2 + 1) ln(𝑥2 + 1)𝑑𝑥 − ∫ 𝑥𝑑𝑥 

      =
1

2
(𝑥2 + 1) ln(𝑥2 + 1) −

1

2
𝑥2 + 𝑐 

 

Answer: (i) 2x + 2x In(𝑥2 + 1)   (ii) 
1

2
(𝑥2 + 1)𝐼𝑛 (𝑥2 + 1) −

1

2
𝑥2 + 𝑐 

 

2 Solution: 

𝑦 =
cos 𝑥

cos 𝑥 − sin 𝑥
 

𝑑𝑦

𝑑𝑥
=

(cos 𝑥 sin 𝑥 [− sin 𝑥] − cos 𝑥)[− sin 𝑥 − cos 𝑥]

(cos 𝑥 − sin 𝑥)2
 

=
− sin 𝑥 cos 𝑥 + sin2 𝑥 + sin 𝑥 cos 𝑥 + cos2 𝑥

(cos 𝑥 − sin 𝑥)2
 

=
sin2 𝑥 + cos 𝑥

(cos 𝑥 − sin 𝑥)2
 

=
1

(cos 𝑥 − sin 𝑥)2
 

∫
2cos2𝑥 − cos 2𝑥

(cos 𝑥 − sin 𝑥)2
𝑑𝑥 = ∫

2cos2𝑥 − (2cos2𝑥 − 1)

(cos 𝑥 − sin 𝑥)2

3𝜋
4

0

𝑑𝑥

3𝜋
4

0

 

= ∫
1

(cos 𝑥 − sin 𝑥)2
𝑑𝑥

3𝜋
4

0

 

= [
cos 𝑥

cos 𝑥 − sin 𝑥
]

0

3𝜋
4

 

= (
cos

3𝜋
4

cos
3𝜋
4

− sin
3𝜋
4

) − (
cos 0

cos 0 − sin 0
) 

=

(−
√2
2 )

(−
√2
2 ) − (−

√2
2 )

−
1

1 − 0
 

=
1

2
− 1 

= −
1

2
 

 

Answer: −
1

2
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3 

 

 

Solutions: 

(a) 
𝑑

𝑑𝑥
(

ln 𝑥2

5𝑥
) =

5𝑥[
2

𝑥
]−ln 𝑥2[5]

(5𝑥)2  

    =
5𝑥[

2

𝑥
]−ln 𝑥2[5]

(5𝑥)2  

    =
10−5 ln 𝑥2

25𝑥2   

    =
5(2−ln 𝑥2)

25𝑥2   

    =
2−ln 𝑥2

5𝑥2  (shown) 

 

(b) ∫
2−ln 𝑥2

5𝑥2 𝑑𝑥 = [
ln 𝑥2

5𝑥
]

𝑒

1
 

      = ∫
5

5𝑥2 𝑑𝑥 − ∫
ln 𝑥2

5𝑥2 𝑑𝑥 = [
ln 𝑥2

5𝑥
]

𝑒

1

𝑒

1
 

−
1

5
∫

ln 𝑥2

𝑥2
𝑑𝑥 =

𝑒

1

[
ln 𝑒2

5𝑒
−

ln 12

5(1)
] − ∫

2

5𝑥2
𝑑𝑥

𝑒

1

 

−
1

5
∫

ln 𝑥2

𝑥2
𝑑𝑥 = [

2

5𝑒
− 0] − ∫

2

5
𝑥−2𝑑𝑥

𝑒

1

𝑒

1

 

−
1

5
∫

ln 𝑥2

𝑥2
𝑑𝑥 =

2

5𝑒
− [−

2

5
𝑥−1]

1

𝑒𝑒

1

 

−
1

5
∫

ln 𝑥2

𝑥2
𝑑𝑥 =

2

5𝑒
+ [

2

5(𝑒)
−

2

5(1)
]

𝑒

1

 

−
1

5
∫

ln 𝑥2

𝑥2
𝑑𝑥 =

4

5𝑒
−

𝑒

1

2

5
 

∫
ln 𝑥2

𝑥2
𝑑𝑥 = −5 (

4

5𝑒
−

2

5
)

𝑒

1

 

= −
4

𝑒
+ 2 

 

Answer: (a) 
2−ln 𝑥2

5𝑥
 (shown) (b) −

4

𝑒
+ 2 
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Integration (Equation of Curve) 

1 Solution: 

𝑑2𝑦

𝑑𝑥2 = 2(1 − 2𝑥)  

𝑑𝑦

𝑑𝑥
= −2𝑥2 + 2𝑥 + 𝐶  

Gradient of normal =
1

9
 

Gradient of tangent = −9 

Sub 
𝑑𝑦

𝑑𝑥
= −9, 𝑥 = −1 

−9 = −2(−1)2 + 2(−1) + 𝐶  

𝐶 = −5  

𝑑𝑦

𝑑𝑥
= −2𝑥2 + 2𝑥 − 5  

𝑦 = −
2𝑥3

3
+ 𝑥2 − 5𝑥 + 𝐷  

Sub (−1,7),   , 1 

7 = −
2(−1)3

3
+ (−1)2 − 5(−1) + 𝐷  

𝐷 =
1

3
  

Ans: 𝑦 = −
2

3
𝑥3 + 𝑥2 − 5𝑥 +

1

3
 

 

2 Solution: 
𝑑𝑦

𝑑𝑥
= ∫ (6𝑥 + 𝑒−

1

3
𝑥) 𝑑𝑥  

= 6
𝑥2

2
+

𝑒
−

1
3

𝑥

−
1

3

+ 𝑐1  

= 3𝑥2 − 3−
1

3
𝑥 + 𝑐1  

Sub 
𝑑𝑦

𝑑𝑥
= −5 and 𝑥 = 0, 

3(0)2 − 3𝑒−
1

3
(0)

+ 𝑐1 = −5  

𝑐1 = −5 + 3 = −2  

𝑦 = ∫ (3𝑥2 − 3𝑒−
1

3
𝑥 − 2) 𝑑𝑥  

=
3𝑥3

3
−

3𝑒
−

1
3

𝑥

−
1

3

− 2𝑥 +𝐶2  

−𝑥3 + 9𝑒
1

3
𝑥 − 2𝑥 + 𝑐2  

Sub 𝑦 = 12   and   𝑥 = 0, 

(0)3 + 9𝑒
1

3
(0)

2(0) + 𝐶2 = 12  

𝐶1 = 12 − 9 = 3  

The equation of curve is 𝑦 = 𝑥3 + 9𝑒
1

3
𝑥 − 2𝑥 + 3 

Answer: 𝑦 = 𝑥3 + 9𝑒
1

3
𝑥 − 2𝑥 + 3 

 

3 Answer: (a)Shown (b)𝑦 =
𝑠𝑖𝑛2𝑥

2
+ 3𝑐𝑜𝑠𝑥 + 𝑥 −

𝜋

6
 (c)𝑥 =

𝜋

6
,

𝑑2𝑦

𝑑𝑥2 < 0,max point  
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Integration (Area Under Curve) 

1 Solutions: 

 

(i) 𝑦 = √2𝑥 − 4 

    Sub 𝑥 = 4, 𝑦 = √2(4 − 4) = 2 

      𝑦 = (2𝑥 − 4)
1

2 

     
𝑑𝑦

𝑑𝑥
=

1

2
(2𝑥 − 4)−

1

2(2)  

 

   Sub 𝑥 = 4, 
𝑑𝑦

𝑑𝑥
=

1

2
(2 × 4 − 4)−

1

2(2) 

     𝑚1 =
1

2
  

    𝑚𝑒 = −2  

      𝑦 = −2𝑥 + 𝑒  

      2 = −3(4) + 4  

      𝑦 = 10  

      Equation of normal is 𝑦 = −2𝑥 + 10   

 

 

 

(ii) 𝑄 is (0,10) 

      Area of shaded region 

=
1

2
(10 + 2)(4) − ∫ (2𝑥 − 4)

1

2 𝑑𝑥
4

2
  

= 24 − [
(2𝑥−4)

3
2

3

2
×2

]
2

4

                       OR 

= 24 −
1

3
[4

3

2 − 0]  

= 24 −
8

3
  

21
1

3
 square units  

 

 

 

 

 

Answer: (i) 𝑦 = −2𝑥 + 10  (ii) 21
1

3
 𝑠𝑞𝑢𝑎𝑟𝑒 𝑢𝑛𝑖𝑡𝑠 

 

𝑄 is (0,10) 

𝑦 = √2𝑥 − 4  

𝑦2 = 2𝑥 − 4  

2𝑥 = 𝑦2 + 4  

𝑥 =
1

2
𝑦2 + 2  

Area of shaded region 

=
1

2
(10 − 2)(4) + ∫ (

1

2
𝑦2 − 2) 𝑑𝑦

2

0
  

= 16 + [
1

2

1

3
+ 2𝑦]

0

2

  

= 16 + [
1

6
× 23 + 4 = 0] 

−16 +
8

6
+ 4  

= 21
1

3
 square units 
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2 Solutions: 

(i) 𝑦 = √1 + 3𝑥 

    Sub 𝑥 = 0, 𝑦 = 1 

    𝐴(0,1) 

    
𝑑𝑦

𝑑𝑥
 

 =
1

2
(1 + 3𝑥)−1

2⁄ (3)  

 =
3

2√1+3𝑥
  

When 𝑥 = 5, 

Gradient 

=
𝑑𝑦

𝑑𝑥
  

=
3

2√1+3(5)
  

=
3

8
  

Equatin of tangent at P: 

𝑦 − 4 =
3

8
(𝑥 − 5)  

𝑦 =
3

8
𝑥 +

17

8
  

𝐵(0,
17

8
)  

 

Ans: (i) 𝐵 (0,
17

8
). (ii) 1

5

16
 or 1.3125 units 

2
 

 

 

(ii) = ∫ [
3

8
𝑥 +

17

8
− (1 + 3𝑥)

1
2⁄ ] 𝑑𝑥

5

0
 

= [
3

8
(

𝑥2

2
) +

17

8
𝑥 −

(1 + 3𝑥)
3

2⁄

3(3
2⁄ )

]

0

5

 

= [
3

8
(

25

2
) +

17

8
(5)] − [

2(1 + 15)
3

2⁄

9
−

2

9
(1)] 

=
245

16
− 14 

= 1
5

16
 or 1.3125 units2 


