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           Paradigm Specialising in O & A Level Mathematics 

Maths Secrets  

MUST KNOW QUESTIONS TO ACE 
Techniques & Applications of Integration 

Techniques of Integration: 

• integration of 𝑓ᇱ(𝑥)[𝑓(𝑥)]௡ (including 𝑛 = −1), 𝑓ᇱ(𝑥)𝑒௙(௫), sinଶ 𝑥, cosଶ 𝑥, tanଶ 𝑥, 
ଵ

௔మା௫మ , 
ଵ

√௔మି௫మ
 ,  

    
ଵ

௔మି௫మ and 
ଵ

௫మି௔మ 

• integration by a given substitution  

• integration by parts 

1 [Q1 DHS/2017/P2/Q1] 

(i) Find 
ௗ

ௗ௫
tanଶ 𝑥. Hence evaluate ∫ secଶ 𝑥 tan 𝑥 𝑒୲ୟ୬మ ௫ 𝑑𝑥

భ

ర
గ

଴
,  

leaving your answer in exact form.                                                                    [3]                               
(ii) By expressing 1 + 72𝑥 − 32𝑥ଷ as 1 + 𝑚𝑥(9 − 4𝑥ଶ) where 𝑚 is a constant, 

find ∫
ଵା଻ଶ௫ିଷଶ௫య

ඥ(ଽିସ௫మ)
𝑑𝑥.                                                                                          [2] 

2 [Q2 NYJC/2021/P1/Q6] 

(a) Find the exact value of ∫
|௫ାଶ|

௫మାସ௫ାହ
𝑑𝑥

ିଵ

ିଷ
.                                                             [4] 

(b) (i) Write down ∫
ୱ୧୬(୪୬ ௫)

௫
𝑑𝑥, where 𝑥 > 0.                                                        [1] 

(ii) Hence find ∫ 𝑥 sin(In 𝑥)𝑑𝑥.                                                                          [4] 

3 [Q3 AJC/2015/P1/Q6] 

Do not use a graphic calculator in answering this question. 

It is given that sin 𝑥 >
ଶ௫

గ
  for 0 < 𝑥 <

గ

ଶ
. 

(i) Explain why ∫ 𝑒ି ୱ୧   𝑑𝑥 < ∫ 𝑒ି
మೣ

ഏ 𝑑𝑥
ഏ

మ
଴

.
ഏ

మ
଴

                                                         [2] 

(ii) By making the substitution 𝑢 = 𝜋 − 𝑥, show that  

∫ 𝑒ି ୱ୧୬ ௫  𝑑𝑥
గ

ഏ

మ

= ∫ 𝑒ି ୱ୧୬ ௨ 𝑑𝑢.
ഏ

మ
଴

                                                    [2] 

(iii) Hence show that ∫ 𝑒ି ୱ୧୬ ௫  𝑑𝑥 <
గ

௘
(𝑒 − 1)

గ

଴
.                                                     [3] 
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4 Q4 YIJC/2023/P1/Q9 

(a) (i) Find ∫ 𝑥ଶ√𝑥ଷ + 1  𝑑𝑥.                                                                                 [2] 

(ii) Hence, find the exact value of ∫ 𝑥ହ√𝑥ଷ + 1 𝑑𝑥
଴

ିଵ
.                                      [3] 

(b)  Use the substitution 𝑢 = 1 + 𝑒௫ to find ∫ 𝑒ଶ௫√1 + 𝑒௫  𝑑𝑥.                            [4] 

(c) Find ∫(2 + tan 5𝑥) cos 5𝑥 sin 3𝑥 𝑑𝑥.                                                              [3] 

5 [Q5 RI/2021/P1/Q3] 

(a) Find ∫ 𝑥 tanିଵ 𝑥 𝑑𝑥.                                                                                         [3] 

(b) (i) Using the substitution 𝑢 =
ଵ

𝒙
 , or otherwise, find ∫

ୱ୧୬ቀ
భ

ೣ
ቁ

௫మ
𝑑𝑥.                      [2] 

(ii) Given that 𝑛 is a positive integer, evaluate the integral 𝜋 ∫
ୱ୧୬ቀ

భ

ೣ
ቁ

௫మ 𝑑𝑥
భ

೙ഏ
భ

(೙శభ)ഏ

, 

giving your answer in the form 𝑎𝜋, where the possible values of 𝑎 are  
to be determined.                                                                                          [3]        
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Integration as a limit of sum 

1 [Q6 ACJC/2023/P1/Q3] 

 

Let f(𝑥) =
௫

√௫ାଵ
 . 

 

(i) Show that ∫ f (𝑥) d𝑥 =
ଵ

଴

ଶ

ଷ
(2 − √2).                                                                [2] 

 
(ii) The diagram below shows a sketch of the curve with equation 𝑦 = f(𝑥). 

Rectangles each of width 
ଵ

௡
 are drawn as shown. 

By considering the total area of these 𝑛 rectangles, deduce that 
ଵ

௡√௡
= ቄ

ଵ

√௡ାଵ
+

ଶ

√௡ାଶ
+

ଷ

√௡ାଷ
+∙∙∙ +

௡

√ଶ௡
ቅ >

ଶ

ଷ
൫2 − √2൯.                       [3] 

2 [Q7 EJC/2018/P2/Q1] 

 

(i) Given that f is a continuous function, explain, with the aid of a sketch, why the 

value of lim
௡→ஶ

ଵ

௡
ቄf ቀ

௡ାଵ

௡
ቁ + f ቀ

௡ାଶ

௡
ቁ +∙∙∙ +f ቀ

ଶ௡

௡
ቁቅ 

is ∫ f(𝑥)d𝑥
ଶ

ଵ
                                                                                                       [2] 

 

(ii) Hence evaluate lim
௡→ஶ

ଵ

௡
∑

௡

௡ା௥
௡
௥ୀଵ   exactly.                                                          [3] 

 

1

𝑛
/

2

𝑛
/

3

𝑛
/

4

𝑛
/

𝑛 − 1

𝑛
/

1 

𝑦 = f(𝑥) 
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3 [Q8 ASrJC/2021/P2/Q5] 

It is given that 𝑅 is the region bounded by the 𝑥-axis, the 𝑦-axis, the line 𝑥 = 1 and the 
curve 𝑦 = 𝑥ଶ + 1. 

The area of R can be estimated by calculating the sum of the areas of trapeziums with 
equal widths. The diagram below (not drawn to scale) shows an example of two such 
trapeziums. 

[ Area of trapezium =
ଵ

ଶ
× sum of parallel sides × height] 

 

(i) Find the total area of the trapeziums shown in the diagram.                            [2] 

To better estimate the area of 𝑅, 𝑛 trapeziums of equal width are drawn. 

(ii) State the length of the shorter side of the 𝑘୲୦ trapezium for 1 ≤ 𝑘 ≤ 𝑛.  

Hence show that its area is given by 
(௞ିଵ)మା௞మ

ଶ௡య +
ଵ

௡
unitsଶ.                              [3]           

The sum of the areas of then trapeziums is given as 𝐴 units2. 

(iii) Find 𝐴, giving your answers in terms of 𝑛.                                                      [4] 

[You may use ∑ 𝑟ଶ =
(௡ାଵ)(ଶ௡ାଵ)

଺
 ]௡

௥ୀଵ   

(iv) State whether 𝐴 is an overestimate or an underestimate of the area of  
region 𝑅.                                                                                                            [1]                               

(v) Use your answer in part (iii) to find the exact area for region 𝑅.                     [1] 

 

  

1

2
/

0 1 
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Area & Volume of Revolution 

1 [Q9 CJC/2018/P1/Q2] 

The region bounded by the curve 𝑦 =
ଵ

√௫ିଶ
 , the 𝑥-axis and the lines 𝑥 = 9 and 

𝑥 = 𝑙6 is rotated throug 2𝜋 radians about the 𝑥-axis. Use the substitution 

 𝑡 = √𝑥 to find the exact volume of the solid obtained.                                               [6]                               

2 [Q10 TJC/2022/P2/Q2] 

 

 

 

 

 

 

The diagram shows the curve C with equation 𝑦ଶ = 1 −
ସ

௫మ
 .  

The shaded region 𝑅 is enclosed by 𝐶, the 𝑥-axis and the line 𝑦 =
√ଷ

ଶ
 . 

(i) Find the exact volume of the solid generated when 𝑅 is rotated through 𝜋 
radians about the 𝑦-axis.                                                                                   [3] 

(ii) Find the exact volume of the solid generated when 𝑅 is rotated through 2𝜋 
radians about the 𝑥-axis.                                                                                   [4] 

3 [Q11 VJC/2022/P1/Q9] 

The curve C has equation 
ଵ

ଷ
𝑥ଶ + 𝑦ଶ − 2𝑦 = 0. 

(i) Sketch 𝐶.                                                                                                           [2] 
(ii) Use the substitution 𝑥 = 𝑝 sin 𝜃 to show that 

න ඥ𝑝ଶ − 𝑥ଶ d𝑥 =
𝑝ଶ𝜋

4

௣

଴

, 

where 𝑝 is a positive constant.                                                                          [4] 

(iii) The region 𝑅 is bounded by 𝐶, the line 𝑥 = √3 and the 𝑥-axis. Find the exact 
area of 𝑅.                                                                                                           [3] 

(iv) 𝑅 is rotated completely about the 𝑦-axis. Find the exact volume of the solid 
obtained.                                                                                                            [3] 

(v) Describe a pair of transformations which transforms the graph of C onto the 
graph of 𝑥ଶ + 𝑦ଶ = 1. 

𝑦 = 1 

𝑦 =
√3

2
 

𝑦 = −1 
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4 [Q12 ACJC/2022/P1/Q8] 

(i) Use the substitution 𝑥 = 𝑘 sin 𝜃, to show that 

∫ √𝑘ଶ − 𝑥ଶ 𝑑𝑥 =
௫

ଶ
 ඥ𝑘ଶ − 𝑥   

ଶ +
௞మ

ଶ
sinିଵ ቀ

௫

௞
ቁ + 𝑐.                                          [4]   

(ii) The diagram shows the shaded area R, enclosed between two curves,           
௫మ

ସ
+

௬మ

ଵ଺
= 1 and 𝑥ଶ + 𝑦ଶ = 7. 

(a) Using the result shown in part (i), find the exact area of region 𝑅 in the form 
𝐴𝜋 + 𝐵 sinିଵ 𝐶 where 𝐴, 𝐵 and 𝐶 are exact constants to be determined.        [4] 

(b) Find the volume generated when region 𝑅 is rotated through 𝜋 radians about 
the 𝑦-axis, giving your answer to two decimal places.                                     [2] 

5 [Q13 N2022/P2/Q5] 

 

The diagram shows part of the circle 𝑥ଶ  + 𝑦ଶ  = 𝑟ଶ and the line 𝑦 =  𝑟 − ℎ, where 
𝑂 < ℎ < 𝑟. The shaded region between the circle and the line is rotated about the 𝑦-
axis to form a solid, which is called a spherical cap. The height of the spherical cap is 
ℎ. 

𝑦 = 𝑟 − ℎ 

𝑥ଶ + 𝑦ଶ = 𝑟ଶ 
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(a) Show by integration that the volume of the spherical cap is 
ଵ

ଷ
𝜋ℎଶ(3𝑟 − ℎ).   [5] 

An ornament is made from a solid sphere of radius 15 cm by removing two spherical 
caps, one of height 𝑝 cm from the top of the sphere and the other of height 3𝑝 cm from 
the bottom of the sphere. The plane faces the ornament are parallel (see diagram). The 
volume of the ornament, shown shaded, is 3402𝜋 cmଷ. 

[It is given that the volume of a sphere of radius r is  
ସ

ଷ
𝜋𝑟ଷ.] 

(b) Find the cubic equation satisfied by 𝑝 , and hence find the value of 𝑝.            [4] 

A different ornament is made by making two parallel cuts of another sphere of radius 
15 cm. 

 The volume of the second ornament is less than the volume of the ornament in 
part (b).  

 The top face of this second ornament has the same radius as the top face of the 
ornament in part (b).  

 The bottom face of this second ornament has the same radius as the bottom 
face of the ornament in part (b). 

(c) Find the volume of this second ornament. Give your answer in exact multiple 
of 𝜋.                                                                                                                   [2] 
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Solution 
1 (i) 

ୢ

ୢ௫
tanଶ 𝑥 = 2 tan 𝑥 ∙ secଶ 𝑥 

∫ secଶ 𝑥
ഏ

ర
଴

tan 𝑥 𝑒௧௔௡మ ௫  
 d𝑥 =

ଵ

ଶ
 ∫ 2secଶ 𝑥

ഏ

ర
଴

tan 𝑥 𝑒௧௔௡మ ௫  
 d𝑥  

 = 
ଵ

ଶ
 ൣ𝑒୲ୟ୬మ ௫൧

଴

ഏ

ర  

= 
ଵ

ଶ
ቂ𝑒୲ୟ୬మഏ

ర −  𝑒୲ୟ୬మ ଴  ቃ   

= 
ଵ

ଶ
 (𝑒 − 1) 

(ii) ∫
ଵା଻ଶ௫ିଷଶ௫య

√ଽିସ௫మ
𝑑𝑥 =  ∫

ଵା଼௫൫ଽିସ௫మ൯

√ଽିସ௫మ
𝑑𝑥 

= ∫
ଵ

√ଽିସ௫మ
+ 8𝑥(9 − 4𝑥ଶ)

భ

మ dx  

=
ଵ

ଶ
sinିଵ ቀ

ଶ௫

ଷ
ቁ −

ଶ

ଷ
(9 − 4𝑥ଶ)

య

మ + 𝐶  

2 
(a) න

|௫ାଶ|

௫మାସ௫ାହ
d𝑥

ିଵ

ିଷ

= − ඲
௫ାଶ

௫మାସ௫ାହ
d𝑥 + න

௫ାଶ

௫మାସ௫ାହ
d𝑥

ିଵ

ିଶ

ିଶ

ିଷ

   

=  −
ଵ

ଶ
න

ଶ௫ାସ

௫మାସ௫ାହ
d𝑥

ିଶ

ିଷ

+
ଵ

ଶ
න

ଶ௫ାସ

௫మାସ௫ାହ
d𝑥

ିଵ

ିଶ

  

=
ଵ

ଶ
(−[ln|𝑥ଶ + 4𝑥 + 5|]ିଷ

ିଶ + [ln|𝑥ଶ + 4𝑥 + 5|]ିଶ
ିଵ)  

=
ଵ

ଶ
 [(− ln 1 + ln 2 ) + (ln 2  − ln 1)] = ln 2  

(b) (i)      ∫
ୱ୧୬(୪୬ ௫)

௫
d𝑥 = ∫

ଵ

௫
sin(ln 𝑥) d𝑥 = − cos(ln 𝑥) + 𝐶  

(ii) ∫ 𝑥 sin(ln 𝑥) d𝑥 = ∫ 𝑥 ቀ
௫

௫
ቁ sin(ln 𝑥) d𝑥  

= ∫ 𝑥ଶ ቀ
ଵ

௫
ቁ sin(ln 𝑥) d𝑥  

= 𝑥ଶ (−cos(ln 𝑥)) − ∫ 2𝑥 (− cos(ln 𝑥) d𝑥  

= −𝑥ଶ (cos(ln 𝑥) + 2 ∫ 𝑥 ቀ
௫

௫
ቁ (𝑐𝑜𝑠 (ln 𝑥)d𝑥  

= −𝑥ଶ cos(ln 𝑥) + 2 [𝑥ଶ (sin(ln 𝑥) − ∫ 2𝑥 sin(ln 𝑥)d𝑥]   

5 ∫ 𝑥 sin (ln 𝑥) d𝑥 =  −𝑥ଶ cos(ln 𝑥) + 2𝑥ଶ  sin(ln 𝑥)  

∫ 𝑥 sin(ln 𝑥) d𝑥 =  
ଵ

ହ
 (−𝑥ଶ cos(ln 𝑥) + 2𝑥ଶ  sin(ln 𝑥)) + 𝑐  

3 (i) Given that  sin 𝑥 >
ଶ௫

గ
 

 𝑒ୱ୧୬ ௫ > 𝑒
మೣ

ഏ  since 𝑦 = 𝑒௫ is increasing  

 0 <
ଵ

௘౩౟౤ ೣ <
ଵ

௘
మೣ
ഏ

  

 ∫ 𝑒ି ୱ୧ d𝑥
ഏ

మ
଴

< න 𝑒ି 
మೣ

ഏ  d𝑥

ഏ

మ

଴

  

(ii) න 𝑒ି ୱ୧୬ ௫ d𝑥 = ධ 𝑒ି ୱ୧୬(గି௨)଴

ഏ

మ

గ

ഏ

మ

(−𝑑𝑢)                     Let 𝑢 = 𝜋 − 𝑥 ⇒
ௗ௨

ௗ௫
= −1 

ධ 𝑒ି ୱ୧୬(௨)
ഏ

మ

଴
𝑑𝑢                  since sin(𝜋 − 𝑢) = sin 𝑢 
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(iii) ∫ 𝑒ି ୱ୧୬ ௫ 𝑑𝑥
గ

଴
= ∫ 𝑒ି ୱ୧୬ ௫ 𝑑𝑥ା

ഏ

మ
଴

 ∫ 𝑒ି ୱ୧୬ ௫ 𝑑𝑥
గ

ഏ

మ

 

= 2 ∫ 𝑒ି ୱ୧୬ ௫ d𝑥       from the result in (𝐢𝐢) 
గ

ଶൗ

଴
  

< 2 න 𝑒ି
మೣ

ഏ

ഏ

మ

଴

 d𝑥             from the result in (𝐢)   

= 2 ቂ
ିగ

ଶ
𝑒ି

మೣ

ഏ ቃ
଴

ഏ

మ   

= −𝜋[𝑒ିଵ − 𝑒଴]  

=
గ(௘ିଵ)

௘
  

4 (a) (i)  𝑥ଶ√𝑥ଷ + 1 d𝑥 =
ଵ

ଷ
∫ 3𝑥ଶ(𝑥ଷ + 1)

భ

మ d𝑥 

=
ଵ

ଷ
൭

൫௫యାଵ൯
య
మ

య

మ

൱ + 𝐶  

=
ଶ

ଽ
(𝑥ଷ + 1)

య

మ + 𝐶  

(ii) ∫ 𝑥ହ√𝑥ଷ + 1 d𝑥
଴

ିଵ
 

∫ 𝑥ଷ଴

ିଵ
. 𝑥 √𝑥ଷ + 1

మ   
 d𝑥  

= ቂ
ଶ

ଽ
𝑥ଷ(𝑥ଷ + 1)

య

మቃ
ିଵ

଴

− න (3𝑥ଶ) ⋅
ଶ

ଽ
(𝑥ଷ + 1)

య

మ d𝑥
଴

ିଵ

  

= ቂ0 −
ଶ

ଽ
(−1)ଷ((−1)ଷ + 1)

య

మቃ −
ଶ

ଽ
න (3𝑥ଶ) ⋅ (𝑥ଷ + 1)

య

మ d𝑥
଴

ିଵ

  

= 0 −
ଶ

ଽ
൥

൫௫యାଵ൯
ఱ
మ

ఱ

మ

൩

ିଵ

଴

  

= −
ସ

ସହ
(1 − 0)  

= −
ସ

ସହ
  

(b) 𝑢 = 1 +  𝑒௫ ⇒  
ୢ௨

ୢ௫
= 𝑒௫ = 𝑢 − 1 ⇒  

ୢ௫

ୢ௨
=

ଵ

௨ିଵ
 

∫ 𝑒 √𝑒௫ + 1
మೣ

 d𝑥 =  ∫ (𝑢 − 1)ଶ√𝑢
ଵ

௨ିଵ
d𝑢  

= ∫ (𝑢 − 1)𝑢
భ

మ  d𝑢  

=  ∫ 𝑢
య

మ − 𝑢
భ

మ d𝑢  

=  
ଶ

ହ
𝑢

ఱ

మ −
ଶ

ଷ
𝑢

య

మ + 𝐶  

=  
ଶ

ହ
൫√1 + 𝑒௫൯

ହ
−

ଶ

ଷ
൫√1 + 𝑒௫൯

ଷ
+ 𝐶  

(c) ∫ (2 + tan 5𝑥)cos 5𝑥 sin 3𝑥 d𝑥  

=  ∫ ቀ2 cos 5𝑥 sin 3𝑥 + cos 5 𝑥 sin 3𝑥 
ୱ୧୬ ହ௫

ୡ୭ୱ ହ௫
ቁ d𝑥  

=  ∫ 2 cos 5𝑥 sin 3𝑥  d𝑥 +  ∫ sin 5𝑥 sin 3𝑥 d𝑥  

=  ∫ (sin 8𝑥 − sin 2𝑥)d𝑥 −
ଵ

ଶ
∫ − 2 sin 5𝑥 sin 3𝑥 d𝑥   

=  ቀ−
ୡ୭ୱ ଼௫

଼
+

ୡ୭ୱ

ଶ
ቁ −

ଵ

ଶ
∫ (cos 8𝑥 − cos 2𝑥) d𝑥  

=   ቀ−
ୡ୭ୱ ଼௫

଼
+

ୡ୭ୱ ଶ௫

ଶ
ቁ −

ଵ

ଶ
 ቀ

ୱ୧୬ ଼௫

଼
−

ୱ୧୬ ଶ௫

ଶ
ቁ + 𝐶  

=  
ଵ

ଵ଺
 (8 cos 2𝑥 + 4 sin 2𝑥 − 2 cos 8𝑥 − sin 8𝑥 )  +  C  
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5 (a) ∫ 𝑥 tanିଵ 𝑥 d𝑥 = ቀ
௫మ

ଶ
tanିଵ 𝑥ቁ − ∫

௫మ

ଶ
⋅ ቀ

ଵ

ଵା௫మቁ d𝑥  

=  
௫మ

ଶ
tanିଵ 𝑥 −

ଵ

ଶ
∫ 1 −

ଵ

ଵା௫మ d𝑥  

=  
௫మ

ଶ
tanିଵ 𝑥 −

ଵ

ଶ
[𝑥 − tanିଵ 𝑥] + 𝐶  

=
௫మାଵ

ଶ
tanିଵ 𝑥 −

௫

ଶ
+ 𝐶                                                              

(b) (i)      Given the substitution 𝑢 =  
ଵ

௫
, we have 

ୢ௨

ୢ௫
= −

ଵ

௫మ
 

∫
ୱ୧୬ቀ

భ

ೣ
ቁ

௫మ d𝑥 = −∫ sin ቀ
ଵ

௫
ቁ ቀ−

ଵ

௫మቁ  d𝑥  

=  −∫ sin 𝑢 d𝑢  
= cos 𝑢 + 𝑐  

=  cos ቀ
ଵ

௫
ቁ + 𝑐  

OR 

∫
ୱ୧୬ቀ

భ

ೣ
ቁ

௫మ
d𝑥 = −∫ ቀ−

ଵ

௫మቁ sin ቀ
ଵ

௫
ቁ d𝑥  

= cos ቀ
ଵ

௫
ቁ + 𝑐                                                                                           

(ii) 𝜋 ඲
ୱ୧୬ቀ

భ

ೣ
ቁ

௫మ  𝑑𝑥 =  𝜋 ቂcos ቀ
ଵ

௫
ቁቃ భ

(೙శభ)ഏ

భ

೙ഏ

భ

೙ഏ

భ

(೙శభ)ഏ

  

=  𝜋 ൣcos(𝑛𝜋) − cos൫(𝑛 + 1) 𝜋)൧  

If 𝑛 is even, 𝜋 ∫
ୱ୧୬ቀ

భ

ೣ
ቁ

௫మ  d𝑥 =  𝜋[1 − (−1)] = 2𝜋    𝑎 = 2
భ

೙ഏ
భ

(೙శభ)ഏ

  

If n is odd, 𝜋 ∫
ୱ୧୬ቀ

భ

ೣ
ቁ

௫మ
d𝑥 =  𝜋[−1 − 1] = −2𝜋    𝑎 = −2

భ

೙ഏ
భ

(೙శభ)ഏ

 

OR  
𝑎 = 2(−1)௡                                                                                             

6 (i) Method 1: Algebraic Manipulation 

∫ d𝑥
ଵ

଴

ೣ

  √ೣశభ
  

= න
(௫ାଵ)

√௫ାଵ

ଵ

଴

−
ଵ

√௫ାଵ
d𝑥  

= ඲ √𝑥 + 1 d𝑥 − න
ଵ

√௫ାଵ
 d𝑥

ଵ

଴

ଵ

଴

  

= ቂ
ଶ

ଷ
(𝑥 + 1)

య

మ − 2(𝑥 + 1)
భ

మቃ
଴

ଵ

  

=  ቂ
ଶ

ଷ
(2)

య

మ − 2(2)
భ

మቃ −  ቂ
ଶ

ଷ
(1)

య

మ − 2(1)
భ

మቃ  

= ቂ
ସ

ଷ
√2 − 2√2ቃ − ቂ

ଶ

ଷ
− 2ቃ  

=  
ସ

ଷ
−  

ଶ

ଷ
√2  

=   
ଶ

ଷ
(2 − √2)  
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Method 2: Integration by Parts 

Let 𝑢 = 𝑥               
ୢ௩

ୢ௫
=

ଵ

√௫ାଵ
  

ୢ௨

ୢ௫
= 1                    𝑣 = 2 √𝑥 + 1 

න
௫

√௫ାଵ
 d𝑥

ଵ

଴

  

= ൣ2𝑥√𝑥 + 1൧
଴

ଵ
−  ධ 2√𝑥 + 1

ଵ

଴    
 d𝑥  

= ൣ2𝑥√𝑥 + 1൧
଴

ଵ
−  2 ቈ

ଶ(௫ାଵ)
య
మ

ଷ
቉

଴

ଵ

  

=  ൣ2√2 − 0൧ −
ସ

ଷ
ቂ(2)

య

మ − (1)
య

మቃ  

=  
ସ

ଷ
−

ଶ

ଷ
 √2  

=  
ଶ

ଷ
 (2 − √2)  

Method 3: Using Substitution (Change of Variable) 

Let 𝑢 =  𝑥 + 1. Then 
ୢ௨

ୢ௫
= 1 ⋅  

When 𝑥 = 0, 𝑢 = 1 
When 𝑥 = 1, 𝑢 = 2 

න
௫

√௫ାଵ
 d𝑥

ଵ

଴

  

=  න
௨ିଵ

  √௨
d𝑢

ଶ

ଵ

 

=  න
௨

  √௨
−

ଵ

  √௨
 d𝑢

ଶ

ଵ

  

=  න  𝑢
భ

మ − 𝑢ି
భ

మ  d𝑢
ଶ

ଵ

  

=  ቂ
ଶ

ଷ
𝑢

య

మ − 2𝑢
భ

మቃ
ଵ

ଶ

  

=  
ଶ

ଷ
ൣ2√2 − 1൧ − 2ൣ√2 − 1൧  

=  
ସ

ଷ
−

ଶ

ଷ
√2  

=  
ଶ

ଷ
൫2 − √2൯  

(ii) Area of 1st rectangle: 

ଵ

௡
f ቀ

ଵ

௡
ቁ =

ଵ

௡

ቀ
భ

೙
ቁ

ටଵା
భ

೙

=
ଵ

௡

ቀ
భ

೙
ቁ

ට
೙శభ

೙

= ቀ
ଵ

௡మቁ
ଵ

ට
೙శభ

೙

=
ଵ

௡√௡

ଵ

√௡ାଵ
  

Area of 2nd rectangle: 

ଵ

௡
f ቀ

ଶ

௡
ቁ =

ଵ

௡

ቀ
మ

೙
ቁ

ටଵା
మ

೙

=
ଵ

௡

ቀ
మ

೙
ቁ

ට
೙శమ

೙

=  ቀ
ଵ

௡మቁ
ଶ

ට
೙శమ

೙

=
ଵ

௡√௡

ଶ

√௡ାଶ
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Area of nth rectangle 

ଵ

௡
f ቀ

௡

௡
ቁ =

ଵ

௡

ቀ
೙

೙
ቁ

ටଵା
೙

೙

=
ଵ

௡

ቀ
೙

೙
ቁ

ට
೙శ೙

೙

= ቀ
ଵ

௡మቁ 
௡

ට
೙శ೙

೙

=
ଵ

௡√௡

௡

√ଶ௡
  

Total area of all the rectangles: 

=  
ଵ

௡
ቂf ቀ

ଵ

௡
ቁ + f ቀ

ଶ

௡
ቁ + f ቀ

ଷ

௡
ቁ + ⋯ + f ቀ

௡

௡
ቁቃ  

=  
ଵ

௡√௡
ቂ

ଵ

√௡ାଵ
+

ଶ

√௡ାଶ
+

ଷ

√௡ାଶ
+ ⋯ +

௡

√ଶ௡
ቃ  

All the rectangles above the curve enclosed the region bounded by the curve 
and the x-axis and include a small portion above the curve. Thus, the total area 
of all the rectangles is more than the area bounded by the curve and x-axis. 
Hence, 

ଵ

௡√௡
ቂ

ଵ

√௡ାଵ
+

ଶ

√௡ାଶ
+

ଷ

√௡ାଶ
+ ⋯ +

௡

√ଶ௡
ቃ >  

ଶ

ଷ
൫2 − √2൯ ⋅  
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7 (i)  

 
As shown in the diagram, the area under the curve 𝑦 = f(𝑥) from 𝑥 = 1 to  

𝑥 = 2 can be approximated by the total areas of the 𝑛 rectangles with width 
ଵ

௡
 

and heights given by 

f ቀ1 +
ଵ

௡
ቁ , f ቀ1 +

ଶ

௡
ቁ , f ቀ1 +

ଷ

௡
ቁ , f ቀ1 +

ଵ

௡
ቁ , … , f ቀ1 +

௡

௡
ቁ.  

As n increases, the approximations will get better and approach the exact area 
as a limit,                              

𝑙𝑖𝑚
௡→ஶ

ଵ

௡
ቄf ቀ

௡ାଵ

௡
ቁ + f ቀ

௡ାଶ

௡
ቁ +∙∙∙ +𝑓 ቀ

ଶ௡

௡
ቁቅ = ∫ f(𝑥)d𝑥

ଶ

ଵ
  

i.e,                                                                                   [Shown] 

(ii) 𝑙𝑖𝑚
௡→ஶ

  
ଵ

௡
∑

௡

௡ା௥
= ∫ f(𝑥)d𝑥

ଶ

ଵ
  ௡

௥ୀଵ        where f(𝑥) =
ଵ

௫
 

=  න
ଵ

௫
𝑑𝑥

ଶ

ଵ

= [ln |𝑥|]ଵ
ଶ = ln 2 − ln 1 = ln 2  

8 Width =
ଵ

ଶ
 units 

Area of first trapezium =
ଵ

ଶ
× ቀ0ଶ + 1 +

ଵమ

ଶ
+ 1ቁ ×

ଵ

ଶ
=

ଽ

ଵ଺
 unitsଶ 

Area of second trapezium =
ଵ

ଶ
× ቀ

ଵ

ଶ

ଶ
+ 1 + 1ଶ + 1ቁ ×

ଵ

ଶ
=

ଵଷ

ଵ଺
unitsଶ 

Total area of trapeziums =  
ଽ

ଵ଺
+

ଵଷ

ଵ଺
=

ଵଵ

଼
unitsଶ 

 

 

𝑦 = f(𝑥) 

f ൬1 +
1

𝑛
൰ 

f ൬1 +
2

𝑛
൰ 

f(2) 

1   1 +
ଵ

௡
 1 +

ଶ

௡
 1 +

ଷ

௡
 1 +

௡ିଵ

௡
  2  
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(ii) 

 

Width = 
ଵ

௡
 and 𝑥-value of the shorter side of the 𝑘௧௛ trapezium =  

(௞ିଵ)

௡
 

Hence the length of the shorter side of the 𝑘௧௛ trapezium is ቂ
(௞ିଵ)

௡
ቃ

ଶ

+ 1 

Area of 𝑘௧௛ trapezium =  
ଵ

ଶ
× ൤ቀ

௞ିଵ

௡
ቁ

ଶ

+ 1 + ቀ
௞

௡
ቁ

ଶ

+ 1൨ ×
ଵ

௡
 

=  
ଵ

ଶ௡య × [(𝑘 − 1)ଶ + 𝑘ଶ + 2𝑛ଶ]  

=  
(௞ିଵ)మା௞మ

ଶ௡య +
ଵ

௡
unitsଶ  

Qustion 5(iii) 

𝐴 = ෍ ቂ
(௞ିଵ)మା௞మ

ଶ௡య +
ଵ

௡
ቃ

௡

௞ୀଵ
  

=  
ଵ

ଶ௡య  ෌ [𝑘ଶ − 2𝑘 + 1 + 𝑘ଶ]
௡

௞ୀଵ
+

ଵ

௡
∑ 1௡

௞ୀଵ   

=  
ଵ

ଶ௡య  ൣ2 ෌ 𝑘ଶ௡

௞ୀଵ
− 2 ∑ 𝑘௡

௞ୀଵ + ∑ 1௡
௞ୀଵ ൧ +

௡

௡
  

=  
ଵ

ଶ௡య   ቂ
௡(௡ାଵ)(ଶ௡ାଵ)

ଷ
− 2𝑛 ቀ

௡ାଵ

ଶ
ቁ + 𝑛ቃ + 1  

=  
ଵ

଺௡య  [2𝑛ଷ + 3𝑛ଶ + 𝑛 − 3𝑛ଶ − 3𝑛 + 3𝑛] + 1  

=  
ଵ

ଷ
+

ଵ

଺௡మ + 1   

=  
ସ

ଷ
+

ଵ

଺௡మ
  

(𝑘 − 1)

𝑛
 

𝑘

𝑛
 

1 
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9 Method 1: 

Volume 

=  𝜋 න ቀ
ଵ

√௫ିଶ
ቁ

ଶ

𝑑𝑥
ଵ଺

ଽ

                                                        

=  𝜋  න ቀ
ଵ

௧ିଶ
ቁ

ଶ

 (2𝑡) d𝑡
ସ

ଷ

  

=  𝜋  න
ଶ௧

௧మିସ௧ାସ
d𝑡

ସ

ଷ

  

=  𝜋  න
ଶ௧ିସ

௧మିସ௧ାସ
+  

ସ

(௧ିଶ)మ 𝑑𝑡
ସ

ଷ

  

=  𝜋 [ln|𝑡ଶ − 4𝑡 + 4|]ଷ
ସ + 𝜋 ∫ 4(𝑡 − 2)ିଶ d𝑡

ସ

ଷ
  

=  𝜋 ቂln|𝑡ଶ − 4𝑡 + 4| + 4
(௧ିଶ)షభ

ିଵ
ቃ

ଷ

ସ

  

=  𝜋 ቂln|𝑡ଶ − 4𝑡 + 4| −
ସ

(௧ିଶ)
ቃ

ଷ

ସ
  

=  𝜋 [(ln 4 − 2) − (ln 1 − 4)] 

= 𝜋(ln 4 + 2) units3 

Method 2: 

Volume 

=  𝜋 න ቀ
ଵ

√௫ିଶ
ቁ

ଶ

d𝑥
ଵ଺

ଽ

                                                              

=  𝜋 න ቀ
ଵ

௧ିଶ
ቁ

ଶ
(2𝑡) d𝑡

ସ

ଷ

  

= 𝜋 න
ଶ

(௧ିଶ)మ d𝑡
ସ

ଷ

  

= 𝜋 න
ଶ

(௧ିଶ)

ସ

ଷ

+
ସ

(௧ିଶ)మ d𝑡  

= 𝜋 [2 ln|𝑡 − 2|]ଷ
ସ + 𝜋 ∫ 4(𝑡 − 2)ିଶ d𝑡

ସ

ଷ
  

= 𝜋 ቂ2 ln|𝑡 − 2| + 4
(௧ିଶ)షభ

ିଵ
ቃ

ଷ

ସ

  

=  𝜋 ቂ2 ln|𝑡 − 2| −
ସ

(௧ିଶ)
ቃ

ଷ

ସ

  

= 𝜋[(2 ln 2 − 2) − (2 ln 1 − 4)]  

= 𝜋(2 ln 2 + 2)  units3 

Substitution: 

𝑡 = √𝑥 
𝑡ଶ = 𝑥 

2𝑡 =
𝑑𝑥

𝛼𝑡
 

 
When x=9, t = 3   
When x= 16, t = 4 

Substitution: 

𝑡 = √𝑥 
𝑡ଶ = 𝑥 

2𝑡 =
𝑑𝑥

𝛼𝑡
 

 
When x=9, t = 3   
When x= 16, t = 4 
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10 [Q10] 

(i) 𝑦ଶ = 1 −
ସ

௫మ  ⟹ 𝑥ଶ =
ସ

ଵି௬మ 

Volume = 𝜋 ∫ 𝑥ଶ d𝑦
√య

మ
଴

 

=  4𝜋 න
ଵ

ଵି௬మ 𝑑𝑦

√య

మ

଴

   

= 4 ×
ଵ

ଶ(ଵ)
𝜋 ቂln ቚ

ଵା௬

ଵି௬
ቚቃ

଴

√య

మ   

= 2𝜋 ln ቆ
ଵା

√య

మ

ଵି
√య

మ

ቇ unitsଷ             or       2𝜋 ln ቀ
ଶା√ଷ

ଶି√ଷ
ቁ units3 

                                                 or       2𝜋 ln൫7 + 4√3൯  units3            

(ii) Volume = 2 ×  ൤𝜋 ቀ
√ଷ

ଶ
ቁ

ଶ

(4) − 𝜋 ∫ 𝑦ଶ d𝑥
ସ

ଶ
൨  

=  2 ቈ3𝜋 − 𝜋 න ቀ1 −
ସ

௫మቁ d𝑥
ସ

ଶ

቉  

= 2𝜋 ൬3 − ቂ𝑥 +
ସ

௫
ቃ

ଶ

ସ

൰  

= 2𝜋 (3 − [5 − 4])  
= 4𝜋  units3 
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11 ଵ

ଷ
𝑥ଶ + 𝑦ଶ − 2𝑦 = 0  

ଵ

ଷ
𝑥ଶ + (𝑦 − 1) ଶ − 1 = 0  

ଵ

ଷ
𝑥ଶ + (𝑦 − 1) ଶ = 1  

 

ධ ඥ𝑝ଶ − 𝑥ଶ d𝑥
௣

଴
                                                     

=  ධ  ඥ𝑝ଶ − 𝑝ଶ sinଶ 𝜃 (𝑝 cos 𝜃) d𝜃
ഏ

మ

଴
  

= 𝑝ଶ ධ √cosଶ 𝜃 (cos 𝜃) d𝜃
ഏ

మ

଴
  

= 𝑝ଶ න cosଶ 𝜃 d𝜃 ቂcos 𝜃 ≥ 0  for 0 ≤ 𝜃 ≤
గ

ଶ
ቃ

ഏ

మ

଴

  

=  𝑃ଶ න ቀ
ୡ୭ୱ ଶఏାଵ

ଶ
ቁ 𝑑𝜃

ഏ

మ

଴

  

=  𝑝ଶ ቂ
ୱ୧୬ ଶఏ

ସ
+

ఏ

ଶ
ቃ

଴

ഏ

మ  

=  𝑝ଶ ቈ
ୱ୧୬ ଶቀ

ഏ

మ
ቁ

ସ
+

ഏ

మ

ଶ
቉ =

௣మగ

ସ
  

 

 

 

𝑥 = 𝑝 sin 𝜃  
𝑑𝑥 =  𝑝 cos 𝜃 d𝜃  

When 𝑥 = 0 , 𝜃 = 0   

When 𝑥 = 𝑝 , 𝜃 =
గ

ଶ
 

(0,2) 

(−√3, 1) (0,1) (√3, 1) 
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ଵ

ଷ
𝑥ଶ + (𝑦 − 1)ଶ = 1  

𝑦 = 1 − ට1 −
ଵ

ଷ
𝑥ଶ(∵ 𝑦 < 1)  

Area =  ඲ ቆ1 − ට1 −
ଵ

ଷ
𝑥ଶቇ d𝑥

√ଷ

଴

  

=  ∫ 1 d𝑥
√ଷ

଴
−

ଵ

√ଷ
ධ √3 − 𝑥ଶ d𝑥

√ଷ

଴
  

=  √3 −
ଵ

√ଷ
ቀ

ଷగ

ସ
ቁ  

=  √3 −
√ଷగ

ସ
  

Volume = 𝜋൫√3൯
ଶ

(1) − 𝜋 ∫ 𝑥ଶ d𝑦
ଵ

଴
  

= 3𝜋 − 𝜋 ∫ (6𝑦 − 3𝑦ଶ) d𝑦
ଵ

଴
  

= 3𝜋 − 𝜋[3𝑦ଶ − 𝑦ଷ]଴
ଵ  

= 𝜋  

Translate I units in the negative 𝑦-direction.  

Stretch the resultant curve by a factor of 
ଵ

√ଷ
 parallel to the 𝑥-axis, 𝑦-axis invariant. 

 

 

(0,2) 

(−√3, 1) (0,1) (√3, 1) 

𝑥 = √3 
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12 (i) 𝑥 = 𝑘 sin 𝜃  
ௗ௫

ௗఏ
= 𝑘 cos 𝜃  

∫ √𝑘ଶ − 𝑥ଶ 𝑑𝑥  

=  ∫ √𝑘ଶ − 𝑘ଶ sinଶ 𝜃 𝑘 cos 𝜃 d𝜃  

= ∫ 𝑘ଶ cosଶ 𝜃 d𝜃  

=  
௞మ

ଶ
∫ cos 2 𝜃  +1 d𝜃  

=
௞మ

ଶ
ቂ

ଵ

ଶ
sin 2𝜃 + 𝜃ቃ + 𝑐  

=
௞మ

ଶ
[sin 𝜃 cos 𝜃 + 𝜃] + 𝑐  

=
௞మ

ଶ
ቈ

௫

఑
ට1 − ቀ

௫

௞
ቁ

ଶ
+ sinିଵ ቀ

௫

఑
ቁ቉ + 𝑐  

since cos 𝜃 = √1 − sinଶ 𝜃 

=
௫

ଶ
√𝑘ଶ − 𝑥ଶ +

௞మ

ଶ
 sinିଵ ௫

௞
+ 𝑐  

(ii)  (a)     Point of intersection of 
௫మ

ସ
+

௬మ

ଵ଺
= l and xଶ + yଶ = 7  

Substitute 𝑦ଶ = 7 − 𝑥ଶ into 4𝑥ଶ + 𝑦ଶ = 16 

4𝑥ଶ + 7 − 𝑥ଶ = 16, ∴ 𝑥 = ±√3 and 𝑦 = ±2  
Area  

= 4 ධ √16 − 4𝑥ଶ√ଷ

଴
− √7 − 𝑥ଶ d𝑥  

= 4 ධ 2√4 − 𝑥ଶ√ଷ

଴
− √7 − 𝑥ଶ d𝑥  

= 8 ቂ
௫

ଶ
√4 − 𝑥ଶ +

ସ

ଶ
sinିଵ ௫

ଶ
ቃ

଴

√ଷ
 −4 ቂ

௫

ଶ
√7 − 𝑥ଶ +

଻

ଶ
sinିଵ ௫

√଻
ቃ

଴

√ଷ
  

= 8 ቂ
√ଷ

ଶ
+ 2 sinିଵ √ଷ

ଶ
− 0ቃ − 4 ቈ√3 +

଻

ଶ
sinିଵ ට

ଷ

଻
቉  

= 4√3 + 16 ቀ
గ

ଷ
ቁ − 4√3 − 14 sinିଵ ට

ଷ

଻
   

=
ଵ଺

ଷ
− 14 sinିଵ ට

ଷ

଻
  

𝐴 =
ଵ଺

ଷ
,   𝐵 = −14, 𝐶 = ට

ଷ

଻
  

OR for area taken with respect to 𝑦-axis 
Area  

= 4 ቈන
ଵ

ଶ
ඥ16 − 𝑦ଶ d𝑦

ସ

ଶ

− ධ ඥ7 − 𝑦ଶ d𝑦
√଻

ଶ
቉  

= 2 ቂ
௬

ଶ
ඥ16 − 𝑦ଶ + 8 sinିଵ ௬

ସ
ቃ

ଶ

ସ
 −4 ቂ

௬

ଶ
ඥ7 − 𝑦ଶ +

଻

ଶ
sinିଵ ௬

√଻
ቃ

ଶ

√଻
   

= 2 ቂ8 sinିଵ 1 − 2√3 − 8 sinିଵ ଵ

ଶ
ቃ −4 ቂ

଻

ଶ
sinିଵ 1 − √3 −

଻

ଶ
sinିଵ ଶ

√଻
ቃ  

= 16 ቀ
గ

ଶ
ቁ − 4√3 − 16 ቀ

గ

଺
ቁ − 14 ቀ

గ

ଶ
ቁ + 4√3 + 14 sinିଵ ଶ

√଻
  

= 14 sinିଵ ଶ

√଻
−

ହగ

ଷ
  

𝐴 =
ିହ

ଷ
, 𝐵 = 14, 𝐶 =  

ଶ

√଻
  

(b) Volume = 2𝜋 ቈන
ଵ

ସ
(16 − 𝑦ଶ) d𝑦

ସ

ଶ

− ∫ 7 − 𝑦ଶ d𝑦
√଻

ଶ
቉  

= 14.58 (to 2dp)  
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13 (a) Volume of spherical cap is 

𝜋 ∫ 𝑥ଶ d𝑦
௥

௥ି௛
  

= 𝜋 ∫ (𝑟ଶ − 𝑦ଶ) d𝑦
௥

௥ି௛
  

= 𝜋 ቂ𝑟ଶ𝑦 −
ଵ

ଷ
𝑦ଷቃ

௥ି௛

௥

  

= 𝜋 ቂ𝑟ଷ −
ଵ

ଷ
𝑟ଷ − 𝑟ଶ(𝑟 − ℎ) +

ଵ

ଷ
(𝑟 − ℎ)ଷቃ  

= 𝜋 ቂ
ଶ

ଷ
𝑟ଷ − 𝑟ଷ + 𝑟ଶℎ +

ଵ

ଷ
𝑟ଷ − 𝑟ଶℎ + 𝑟ℎଶ −

ଵ

ଷ
ℎଷቃ  

= 𝜋 ቂ𝑟ℎଶ −
ଵ

ଷ
ℎଷቃ  

=
ଵ

ଷ
𝜋ℎଶ(3𝑟 − ℎ)  

(b) 3402𝜋 =
ସ

ଷ
𝜋(15)ଷ −

ଵ

ଷ
𝜋 𝑝ଶ(3(15) − 𝑝) −

ଵ

ଷ
𝜋(3𝑝)ଶ(3(15) − 3𝑝)  

3402 = 4500 − 15𝑝ଶ +
ଵ

ଷ
𝑝ଷ − 135𝑝ଶ + 9𝑝ଷ  

28𝑝ଷ  − 450𝑝ଶ + 3294 = 0  
𝑝 = 3   𝑜𝑟   𝑝 = −2.5158 (𝑟𝑒𝑗𝑒𝑐𝑡 𝑠𝑖𝑛𝑐𝑒 𝑝 > 0)   𝑜𝑟    𝑝 =

15.587 (𝑟𝑒𝑗𝑒𝑐𝑡 𝑠𝑖𝑛𝑐𝑒 𝑝 < 15) ∴ 𝑝 = 3  
(c) Volume of 2nd ornament is 

ଵ

ଷ
𝜋(3𝑝)ଶ(3𝑟 − 3𝑝) −

ଵ

ଷ
𝜋𝑝ଶ(3𝑟 − 𝑝)  

(𝑝 = 3, 𝑟 = 15)  
= 846𝜋  
 
 
 
 
 
 

   


