if Paradigm Specialising in O & A Level Mathematics

MUST KNOW QUESTIONS TO ACE
Techniques & Applications of Integration

Techniques of Integration:

1

oi i d (i i = — "(x)ef @ sin? 2 2, 1
integration of f'(x)[f (x)]™ (including n 1), f'(x)e! ™), sin” x, cos”* x, tan” x, e T

1 d 1
gz A5

* integration by a given substitution

* integration by parts

1 | [Q1 DHS/2017/P2/Q1]

1
(i) Find %ta\n2 x. Hence evaluate fOZT[ sec? x tan x e®n** dx,
leaving your answer in exact form. [3]
(i) By expressing 1 + 72x — 32x3 as 1 + mx(9 — 4x?) where m is a constant,
1+72x-32x3

2 | [Q2 NYJC/2021/P1/Q6]

. -1 |x+2|
(a)  Find the exact Vah‘le of [, s OX [4]
(b) (i) Write down | %lnx)dx, where x > 0. [1]
(i) Hence find [ x sin(In x)dx. (4]

3 | [Q3 AJC/2015/P1/Q6]

Do not use a graphic calculator in answering this question.

. . 2
It is given that sinx > ?x for0 <x < g

T . T 2x
) Explain why [2e™'  dx < [2e mdx. [2]
(ii) By making the substitution u = m — x, show that
fzne—sinx dx = fOEe—sinu du. 2]
2
(iii) Hence show that f:e‘smx dx < g(e -1). [3]
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4 |1 Q4 YLJIC/2023/P1/Q9

(@ (i) Find [ x*Vx3 + 1 dx. 2]

(ii) Hence, find the exact value of f_o L x5vx3 + 1 dx. [3]
(b)  Use the substitution u = 1 + e* to find [ e?*y/1 + e* dx. [4]
() Find (2 + tan 5x) cos 5x sin 3x dx. [3]

5 | [Q5 RI/2021/P1/Q3]

(@) Find [xtan™!x dx. [3]
. 1
(b) (i) Using the substitution u = 2 , or otherwise, find wdx. [2]
g x x2
1 . l
(i) Given that n is a positive integer, evaluate the integral [ Sm(") dx,
2
(n+1)m
giving your answer in the form am, where the possible values of a are
to be determined. [3]
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Integration as a limit of sum

1 | [Q6 ACJC/2023/P1/Q3]
X

Let f(x) = N
@  Show that [ f (x) dx =2(2 - V2). 2]
(ii)  The diagram below shows a sketch of the curve with equation y = f(x).

Rectangles each of width % are drawn as shown.

YA
y = f(x)
> X
0 1 3 4 n—1 1
n n n n
By considering the total area of these n rectangles, deduce that
1 1 2 3 n 2
wn {\/n+1 trEe T mes T +E} > 5(2 —V2). 13]
2 | [Q7 EJC/2018/P2/Q1]
(@) Given that f is a continuous function, explain, with the aid of a sketch, why the
. 1 n+1 n+2 2n
value ofil_r)goz{f (T) + f(T) + +f(7)}
is flz f(x)dx [2]
. .1

(ii)  Hence evaluate Al_r)go 52}1:1 # exactly. [3]
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3 | [Q8 ASrJC/2021/P2/Q5]

It is given that R is the region bounded by the x-axis, the y-axis, the line x = 1 and the
curve y = x% + 1.

The area of R can be estimated by calculating the sum of the areas of trapeziums with
equal widths. The diagram below (not drawn to scale) shows an example of two such
trapeziums.

[ Area of trapezium = % x sum of parallel sides X height]

y

! /

» X
0 1 1
2
(@) Find the total area of the trapeziums shown in the diagram. 2]

To better estimate the area of R, n trapeziums of equal width are drawn.

(i)  State the length of the shorter side of the k™ trapezium for 1 < k < n.
—1)2 2
Hence show that its area is given by % + %unitsz. [3]

The sum of the areas of then trapeziums is given as A units?.

(iii) Find A, giving your answers in terms of n. 4]
2 _ (n+1)(2n+1)

= ]
(iv)  State whether A is an overestimate or an underestimate of the area of

[You may use Y-, 7

region R. 1]
(v)  Use your answer in part (iii) to find the exact area for region R. 1]
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Area & Volume of Revolution

1 | [Q9 CJC/2018/P1/Q2]
The region bounded by the curve y = \/ﬁ , the x-axis and the lines x = 9 and
x = 16 is rotated throug 2 radians about the x-axis. Use the substitution
t = /x to find the exact volume of the solid obtained. [6]
2 | [Q10 TJC/2022/P2/Q2]
4
y=1
——. —_ C
_V3 !
y= > :
» X
-2 2 4
y=-1__ [T
. . . 4
The diagram shows the curve C with equation y? = 1 — =
The shaded region R is enclosed by C, the x-axis and the line y = ? .
@) Find the exact volume of the solid generated when R is rotated through
radians about the y-axis. [3]
(ii)  Find the exact volume of the solid generated when R is rotated through 2m
radians about the x-axis. [4]
3 | [Q11 VJC/2022/P1/Q9]
The curve C has equation éxz +y2—-2y=0.
@) Sketch C. [2]
(ii)  Use the substitution x = p sin 8 to show that
P 2
p°m
2 _x2(dx =22
[ = a2
where p is a positive constant. [4]
(iii)  The region R is bounded by C, the line x = +/3 and the x-axis. Find the exact
area of R. [31]
(iv) R is rotated completely about the y-axis. Find the exact volume of the solid
obtained. [3]
(v)  Describe a pair of transformations which transforms the graph of C onto the
graph of x? + y2 = 1.
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®

(i)

(@

(b)

4 | [Q12 ACJC/2022/P1/Q8]

Use the substitution x = k sin 8, to show that
_x k2 . _q(x
JVk? — x2 dx =7 \[k? —x? +—sin (E)-I_C' [4]

The diagram shows the shaded area R, enclosed between two curves,

2 2
T4l —tandx?+y2=7.
4 16
Y
0 >x

Using the result shown in part (i), find the exact area of region R in the form

Am + B sin™! C where A, B and C are exact constants to be determined. (4]
Find the volume generated when region R is rotated through 7 radians about
the y-axis, giving your answer to two decimal places. [2]

h.

5 | [Q13 N2022/P2/Q5]

84

el B G

The diagram shows part of the circle x> + y? = r?2 and the liney = r — h, where
O < h < r. The shaded region between the circle and the line is rotated about the y-
axis to form a solid, which is called a spherical cap. The height of the spherical cap is
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(a)  Show by integration that the volume of the spherical cap is énh2 (3r—=h). [5]

7
74

~
~

7
N I 3p L
N -,
~ -
_—

An ornament is made from a solid sphere of radius 15 ¢cm by removing two spherical
caps, one of height p cm from the top of the sphere and the other of height 3p cm from
the bottom of the sphere. The plane faces the ornament are parallel (see diagram). The
volume of the ornament, shown shaded, is 34027 cm?

[It is given that the volume of a sphere of radius r is gnre’.]

(b)  Find the cubic equation satisfied by p , and hence find the value of p. [4]

A different ornament is made by making two parallel cuts of another sphere of radius
15 cm.

e The volume of the second ornament is less than the volume of the ornament in
part (b).

e The top face of this second ornament has the same radius as the top face of the
ornament in part (b).

e The bottom face of this second ornament has the same radius as the bottom
face of the ornament in part (b).

(¢)  Find the volume of this second ornament. Give your answer in exact multiple

of . 2]

Maths Secrets Page 7




if Paradigm

Specialising in O & A Level Mathematics

Solution

1

(@)

(i)

d
atanzx = 2tanx - sec®x
z 2 tan? x 1 2 tan? x
f04 sec’xtanxe dxzz f0425ec xtanxe dx

1 2 z
:E [etan x]g

1+72x-32x3 _ 1+8x(9-4x2)
f V9—4x? dx = f V9—4x2
1
= J‘;W + 8x(9 — 4x%)z dx
3
= %sin‘1 (Zs—x) - g (9 —4x*)2+C

(@

(b)

=2
-1 -1
|x+2]| _ x+2 x+2
_[_3 x2+4x+5dx - j x2+4x+5 dx + f_z x2+4x+5 dx
-3
172 2x+4 171 2x+4a
- _Ef_3 X2+4x+5 dx +Ef_2 x2+4x+5 dx
= %(—[lnlx2 + 4x + 5/]2% + [In|x? + 4x + 5]]23)
=~ [(-In1 +In2)+(In2 —In1)] = In2

a [ Sin(xﬁdx =f %sin(lnx) dx = —cos(lnx) + C
G [ xsin(lnx)dx =[x G) sin(In x) dx
= [ x? G) sin(Inx) dx
= x% (—cos(Inx)) — [ 2x (= cos(Inx) dx
= —x2?(cos(Inx) + 2 [ x G) (cos (Inx)dx
= —x? cos(Inx) + 2 [x? (sin(Inx) — [ 2x sin(In x)dx]
5[ xsin(Inx)dx = —x? cos(Inx) + 2x? sin(Inx)

[ xsin(Inx) dx = % (—x?% cos(Inx) + 2x?% sin(Inx)) + ¢

(i)

Given that sinx > %x

. 2x
= eSI"¥ > 7 since y = e is increasing
1 1
= 0< esinx < T_x
emn
T

T . 2
= [Ze™® dx<f e” ™ dx
0

T
f e~ SinX 4y = f:e—Sin(ﬂ—u) (—du)
z 2

2

foz e”sin@W gy since sin(m — u) = sinu

du
Letu=nmn—x=>—=-1
dx
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(iii)

us
T T T
f e~ Sinx g, — fze sinx ,.+ fn e~ sinx g,
0 0 7

=2 f:/z e SMX¥dx  from the result in (ii)

T

2x
<2 Jz e m dx from the result in (i)
0

w23
=2 ”]0
=—m[e”! —e9]
__ m(e-1)

e

(@

(b)

(©)

1
() x*Vx3+1dx = gf 3x%(x3 + 1)z dx

:(u>+c
2

2 3
= ;(x3 +1)z2+4C
(i) f_ole\/x3 + 1dx
f_01x3 xCVx3 + 1dx

3,0 0 3
= [3x3(x3 + 1)5] - f (Bx?) - 2(x3 + 12 dx
9 -1 1 9

3 0 3
=[0o-2 (-1 (-1% + 12| - %L(sxz) (3 4 1)z dx
0

=0_z[ﬂl
9 5
-1

2

4
=-:01-0)
4

45

du
— x — X — —
u= + = = =Uu = =
1 € dx € 1 du u-1

[eXfex+1dx= [ (u—1)u—du
u-1
1
= J (u—Duz du
3 1
= [uz—uzdu
2 5 238
= uz—-uz+C
5 3
5
= HWTFe) - i(ViTeR) +c
J (2 + tan 5x)cos 5x sin 3x dx
=/ (2 cos 5x sin 3x + cos 5 x sin 3x —— 5x) dx

cos 5x.
= [2cos5xsin3x dx + [ sin5xsin3xdx

= [ (sin8x — sin 2x)dx — %f —2sin5xsin3x dx
oS

(_ co.;8x 4+ ¢ 2_) — %f (cos 8x — cos 2x) dx

( c058x+c052x) 1 (sin8x sin 2x

ey
8 2 2 8 2

= % (8cos2x + 4sin2x —2cos8x —sin8x ) + C
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5 _ (%2 _ x? 1
(@ J[xtan'xdx= (?tan 1x) -5 (1+x2) dx
S O
= Stan™"x zfl 1erzdx
X2 -1 1 -1
= S tan x—;[x—tan x|+ C
= x22+1 tan"lx — E +C
. : o _ 1 du 1
(b) (i) Given the substitution u = ~ we have it
. (1
sin > . 1 1
| —xg )dx = —/ sin (;) (—x—z) dx
= —[ sinudu
=cosu+c
= cos G) +c
OR
sin(=
s (-2)an (2
= 1
= cos (x) +c
1
(i) m " ﬁ dx=m [cos (l)]_
x2 x 1
1 (n+1)m
n+Dm
=1 [cos(nﬂ) - cos((n +1) n)]
. L sin(l)
If nis even,  [™ —F de=mn[l-(-D]=2r a=2
(n+1)m
. L sin(l)
Ifnis odd, w [™ — dx=n[-1-1]=-2r a=-2
(n+1)m
OR
a=2(—-1)"
6 (i) Method 1: Algebraic Manipulation
1
x_d
fo\/m x
1
_ (x+1) _ 1
- fo NN
1
1
1
=j \/x+1dx—j;) ﬁdx
20 3 1t
= 3G+ 12 - 2(x + 12
2 o33 1 2 OE L
= F@2 -2 - [FE - 2007
4 2
- fpa-200)- -3
4 2
=37 3V2
= ;2-V2)
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(i)

Method 2: Integration by Parts

dv 1
Letu=x a—ﬁ
E=1 v=2Vx+1
! x
f 1dx
o VX

= |2x x+11— 12\/x+1dx
0 0

1

= [2xVx ¥ 1], - 2 [—2(";”5]
22 - 0] - 1[@2 - (1]

_2.p3
3

2-+2)

Method 3: Using Substitution (Change of Variable)
Letu = x + 1.Then j—z: 1-

Whenx =0,u=1

Whenx =1,u =2

f—

WIN W

wIiN
<
N|w
|
N
<
N|-
[E——
[y

- [2vZ-1] - 2[VZ-1]

=20
3 3

2

=3(2-V2)

Area of 1st rectangle:

tpyor ) 1 G) _ay 1 s
-1

n \n n\/1+1 an+1 n2 Jn+1 nyvn Vvn+1
n n

n

Area of 2nd rectangle:
1¢%ﬂ24ﬁcgz L 2

n \n n\[l_'_z - an+z nz) Jn+z T nWnVn+z
n n

n
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Area of nth rectangle

1fn_1(%)_1(%)_ 1 n 1 n
n (Z)‘Zﬁ‘;ﬁ_(ﬁ) nn | nynyzn
J“n JT N

Total area of all the rectangles:

= lf Q)+ G) + G + -+ 1 ()]

1 1 2 3 n
- m [\/n+1 + Vn+2 + Vn+2 ot E]

All the rectangles above the curve enclosed the region bounded by the curve
and the x-axis and include a small portion above the curve. Thus, the total area
of all the rectangles is more than the area bounded by the curve and x-axis.

Hence,
1 1 2 3 n 2
Attt tE > 3@V
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L]} --- y =f(x)

»x

0 1T1+-1421431422 2
n n n n

As shown in the diagram, the area under the curve y = f(x) fromx = 1 to
x = 2 can be approximated by the total areas of the n rectangles with width %
and heights given by
1 2 3 1 n
(1) f(1+2)6(1+2),6(1+3), . f(1+2).

As n increases, the approximations will get better and approach the exact area

as a limit,
. 1 n+1 n+2 2n 2
tim {E(57) + £(50) 4+ ()} = I f
e, [Shown]
.. . 2
(ii) 1lll_7)‘£lo %Zleﬁ = fl f(x)dx where f(x) :%

2
= f ~dx=[In|x|]? =In2—In1=In2
1

8 Width = % units

2
Area of first trapezium = % X (02 +1+ 1? + 1) X % = % units?

. 1 (12 113 .
Area of second trapezium = 5 X (5 +1+1%2+ 1) Xo= Eunlts2
. 9 13 _ 11 .
Total area of trapeziums = — + — = 2 units?
16 16 8
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(ii)
X
A
» X
y (k=1 k 1
n n
Width = % and x-value of the shorter side of the k" trapezium = k1)
) th . [k=112
Hence the length of the shorter side of the k" trapezium is [T] +1
Area of k™ trapezium = = X (E)Z +1+ (5)2 +1|x3
p 2 n n n
-1 _1)2 2 2
= 2n3><[(k 1) + k* + 2n7]
—1)2 2
= (e 3+k + Zunits?
2n n
Qustion S(iii)
n
_ (k—1)%+k? 1
A= Zkzl [ 2n3 + n]
= o Yk —2k+ 1+ kP 4R 1
1 n
= (2 X 2 Rk TR 1]+
_ 1 n(n+1)(2n+1) _ n+1
_2n3[ 3 2n(2)+n]+1
= — [2n®+3n2+n—3n2—3n+3n]+1
6n3
=i+ +1
3 6n
— 1
T 3 en?
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9 | Method 1:

Volume

- H_L (\/9?1—2) dx
- L (2) @

2t—
t—4 4 dt

4
:"f
2
3t

= m[(In4
=n(ln4 +
Method 2:

Volume

:njg“(

4
nf 2
3 -

T [21n|t

T [21n|

m(2In2

=1 [ln|t2—4t+4|+4

=1 [ln|1:2 — At + 4] -

e

oy
=T dt
L (t-2)2

T [21n|t—2| + 4

—4t+4  (t-2)?

= m[In|t? — 4t + 4[]} + 7 [, 4(t —2)72dt

(t—zrl]‘*

4 4
(t—2)]3
—2)—(n1-4)]

2) units®

\/3_:_2)2 dx

fz)z (2t) dt

+ 4

2)  (t-2)2 de

— 24+ [ 4t —2)2de

(r—zrl]‘*
4

4
t=21-a3l,

7[(2In2 —2) — (2In1 — 4)]

+ 2) units®

Substitution:
t=+x
t?=x

_ dx

2t =
at

When x=9, =3
When x=16,t=4

Substitution:
t =+x
t?=x

_ dx

2t =
at

When x=9, =3
When x=16, =4
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10 [ [Q10]

(@)

(i)

4 4
yZ = 1_x_2 =>x2 :1—y2
V3
Volume = [ > x* dy
V3
2z q
= 471 J 1—_')/2 dy
0
_ 1 1+y
= 4x o2 ]
V3
1
=2mln (;ﬁ) units3 or 2mln (2 ?) units’
2
or 2m ln(7 + 4\/§) units?
V3 4
Volume = 2 X [n (7) 4) - [, y? dx]

2[3n—nf24(1—§)dx]
2n(3—[x+§]z>

=2n (3—[5—4]
= 47 units’
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11 §x2+y2—2y=0
S (y-1)2-1=0

§x2+(y—1)2=1

T

szzcoszede [cosHZO forOSHS%]
0

T
2

_ szo (c05229+1) do

o [sin26 2]5
_p[ 4 +20

4
d (0,2)
(—V3,1) x (0,1) (/3,1
0 v X
J‘p 2 24 — i
o VP T X7 dx x =psinf
dx = pcos8 dé
= J‘OEJpZ—pzsinZQ (pcosB)do Whenx = 0,6 = 0
T T
=p2f02m(c059)d9 Whenx =p,0 =7
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A
s (0,2)
(—V3,1) % (0,1) ¥ (vV3,1)
>
0 x=v3 X

0 V3o
- B3
N

Volume = n(\/§)2(1) — nf01 x%dy

=3 - J, (6y — 3y®) dy
=3m —n[3y* - ¥°§
=T

Translate I units in the negative y-direction.

Stretch the resultant curve by a factor of % parallel to the x-axis, y-axis invariant.
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12| @

(i)

x = ksin@
d—x:kCOSG
ae
[Vk?2 —x2dx
= [Vk? —k?sin2 0 k cos 0 dO
= [ k?cos?6do
2
= = [ cos26 +1dg
2
="7Esin29+9]+c

2
=%[sin9cos€+9]+c

- _[ J1-() 4 (g)] re
since cos @ = V1 — sin 6
=§m+k; sin'1£+c
(a) Point of intersection of);—2 + g =landx? +y%? =7
Substitute y? = 7 — x? into 4x? + y? = 16

4x® +7 —x* = 16, x = i\/?_,andy: 42
Area

= 4f0ﬁ\/16—4x2 —7 —x2dx
=4f(;/§2\/4—x2 —V7 —xZdx

— B [EVE— + 2sin12] -4 7= + s 2]

NG}

0

2 7
= 8[§+25in_1§— 0] -4 [\/§+gsin‘1\/%]

=43+ 16 (%) —4y/3 — 14sin~?! \/;

16 .1 [3
=——14sin7! [=
3 7

A= B=—14,c=\/5
3 7

OR for area taken with respect to y-axis
Area

* V7
=4U2 %mdy—f;\/mdy]

=2 [8 sin"1—2y3-8 Sin_lg] —4 Esin_1 1-3- %sin‘l%]
=16(5) - 4v3-16(5) - 14(3) + 43 + 14sin1 =

_ -12 5S¢
—14551n NG A
- 2
A—?,B—14,C—ﬁ
4 V7
(b) VolumezZnU -6 —y»dy - |, 7—y2dy]
2
= 14.58 (to 2dp)
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13| (a) Volume of spherical cap is

T :_hxz dy

=nf_,0* =y dy

— —[,2 1 3]"

=m|ry =3y ]r_h

= [r3 —§r3 —7r2(r—h) +§(r— h)3]

=1 §r3 —7r3 +r2h+§r3 —1r2h + rh? —§h3]

= [rn? - 1h3]
| 3
= énhz(?)r —h)
(b) 34027 = Zm(15)° — sm p2(3(15) — p) - w(3p)*(3(15) — 3p)
3402 = 4500 — 15p% + - p* — 135p? + 9p°
28p® — 450p2 + 3294 = 0
p =3 or p=—2.5158 (reject sincep >0) or p=

15.587 (reject sincep < 15) ~p =3
(¢) Volume of 2" ornament is P

1 1 ,” t 3 \\\
sm(3p)?(3r — 3p) — ;mp*(3r — p) s
(p=3,r=15)
= 846m
' |
‘ :
\
\ ,'
\ ;
\
N\
e _-
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