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MUST KNOW QUESTIONS TO ACE 
Techniques & Applications of Differentiation 

 
Implicit & Parametric Differentiation 
1 [Q1 ACJC JC1 CT1 9758/2017/Q2] modified 

 Find 
ௗ௬

ௗ௫
 in terms of 𝑥 and 𝑦 given that 

(i) 𝑦 = 𝑥ୱ୧୬ ௫, where 𝑥 > 0,                                                                                   [3] 
(ii) 𝑥𝑦 = tanିଵ(𝑦ଶ)                                                                                                [2]  

2 [Q2 AJC JC1 CT1 9740/2016/Q3] 
(a)  Given that 𝑦ଶ = 9 − sinଶ 𝑥 , show that 

(i) 2𝑦
ௗ௬

ௗ௫
+ sin(2𝑥) = 0.                                                                                       [2] 

(ii) 𝑦 ቀ
ௗమ௬

ௗ௫మቁ + ቀ
ௗ௬

ௗ௫
ቁ

ଶ

+ 2𝑦ଶ = 17.                                                                         [4] 

(b) Given that |𝑥| <
ଵ

√ଶ
 find 

ௗ

ௗ௫
ൣsinିଵ൫2𝑥√1 − 𝑥ଶ൯൧. 

Express your answer in the form 
௔

√ଵି௫మ
 , where 𝑎 is a constant to be determined. [4] 

3 [Q3 DHS JC2 CT1 9758/2019/Q2] 

(i) Let 𝑦 =
ଶ௫

ସା௫మ − tanିଵ ௫

ଶ
. Show that 

ௗ௬

ௗ௫
= −

ସ௫

(ସା௫మ)మ, and deduce that 𝑦 < 0  

for 𝑥 > 0.                                                                                                                [3]            

(ii) Hence show that if f(𝑥) =
ଵ

௫
tanିଵ ௫

ଶ
 , where 𝑥 > 0 , then f is a decreasing  

function.                                                                                                                  [2] 

4 [ Q4 MI Promos 9758/2018/Q12i] 

 A curve C has parametric equations 

𝑥 = 2 cos 2𝑡, 𝑦 = 3 sin 2𝑡, for 0 ≤ 𝑡 ≤
𝜋

4
  

Find 
ௗ௬

ௗ௫
 in terms of 𝑡 and hence show that as 𝑥 increases, 𝑦 decreases.                        [4] 

5 [ Q5 EJC JC1 Promos 9758/2018/Q6] 

 A curve D has parametric equations 𝑥 = 𝑎𝜃 − 𝑎 sin 𝜃, 𝑦 = 𝑎 − 𝑎 cos 𝜃 , where 𝑎 > 0 
and 0 < 𝜃 < 𝜋. 

(i) Show that 
ௗ௬

ௗ௫
= cot

ఏ

ଶ
.                                                                                              [3] 

(ii) Find the exact equation of the normal to the curve at the point for  

      which 𝜃 =
గ

ଷ
.                                                                                                                                  [4] 
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Tangent and Normals 

1 [Q6 HCI/2018/P1/Q6] 

A curve C has parametic equations 

𝑥 = 2 sin 𝑡 ,          𝑦 = 1 + cos 𝑡,           0 < 𝑡 < 𝜋. 
 
(i) Show that the equation of the tangent to C at the point 𝑃(2 sin 𝑝,   1 + cos 𝑝) is 

2𝑦 + 𝑥 tan 𝑝 = 2(1 + sec 𝑝) .                                                                                 [4]                                                               
(ii) The tangent at 𝑝 meets the 𝑥-axis at the point 𝐴 and the 𝑦-axis at the point 𝐵.  

The point M is the midpoint of 𝐴𝐵.  
Find the cartesian equation of the curve traced by 𝑀 as 𝑝 varies.                           [5]                      

2 [Q7 SAJC/2019/P1/Q5] 

A curve 𝐶 is determined by the parametric equations 

𝑥 = 𝑎𝑡ଶ ,           𝑦 = 2𝑎𝑡 ,           where 𝑎 > 0. 

(i) Sketch 𝐶.                                                                                                                  [1]     
(ii) Find the equation of the normal at a point 𝑃, with non-zero parameter 𝑝.              [2]                                  

     Show that the normal at the point 𝑃 meets 𝐶 again at another point 𝑄, with    

     parameter 𝑞, where 𝑞 = −𝑝 −
ଶ

௣
. Hence show that |𝑃𝑄|ଶ =

ଵ଺௔మ

௣ర
(𝑝ଶ + 1)ଷ.         [4]                    

(iii) Another point 𝑅 on 𝐶 with parameter r, is the point intersection of 𝐶 and  
the circle with diameter 𝑃𝑄. By considering the gradients of 𝑃𝑅 and 𝑄𝑅,  

show that 𝑝 − 𝑟 + 2 ቀ
௥

௣
ቁ = 2.                                                                                  [3]                

3 [Q8 JPJC/2023/P1/Q3] 

A curve C has equation 𝑦 = 1 −
ଵ

௫
 , where 𝑥 ≠ 0. The line 𝑙 is the tangent to C  

at 𝑥 = 𝑎, where a is positive integer. Show that the equation of 𝑙 may be expressed 

in the form 𝑎ଶ𝑦 − 𝑥 = 𝑎ଶ − 2𝑎.                                                                                   [3] 

                   

Find the value of a for which l is parallel to the line 9𝑦 − 𝑥 = 1.  

Hence find the equation of 𝑙 in this case.                                                                      [3]                                      

4 [Q9 N2020/P1/Q2] 

A curve has equation 
௫మ

ଵା௫మ +
௬మ

ଵା௬మ = 𝑥ଷ𝑦ହ. Find the equation of the tangent to the 

curve at the point (1,1). Give your answer in the form 𝑎𝑥 + 𝑏𝑦 = 𝑐, where 𝑎, 𝑏 and 𝑐 
are integers.                                                                                                                   [6] 
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5 Q10 RI/2022/P1/Q3 

A curve has parametric equations 

𝑥 = 𝑎 ൬1 +
1

𝑡
൰ ,    𝑦 = 𝑎 ൬𝑡 −

1

𝑡ଶ
൰, 

Where 𝑎 is a constant and 𝑡 ≠ 0. 

(i) Find the equations of the tangent and the normal to the curve at the point P where 

𝑡 = −
ଵ

ଶ
.                                                                                                                     [5] 

(ii) The tangent at 𝑃 meets the 𝑦-axis at 𝑄 and the normal at 𝑃 meets the 𝑦-axis at 𝑅.  

Show that the area of triangle 𝑃𝑄𝑅 is 
ଶସଵ

ଵଶ଴
𝑎ଶ.                                                             [2] 
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Rate of Change 

1 [Q11 HCI/Promo/2018/01/Q2] 
 
[ It is given that they are length of a article is 𝑟𝜃 , where r is the radius of the circle and 
𝜃 is the angle in radians subtended by the arc and the centre of the circle.] 
 The points 𝐴 (0, 0.8) and 𝐵 (0.8, 0) lie on the circumference of a circle with centre at 
the origin 𝑂 and radius 0.8 units. Point P moves from 𝐴, along the arc 𝐴𝐵 in the 
clockwise direction. Point 𝑄 (𝑥, 𝑎) moves in the positive 𝑥-direction along the line 
𝑦 = 𝑎 , where a is a constant such that 𝑎 > 0.8. At time t second, points P and Q move 
at a rate such that O, P and Q are always on a line making an angle of 𝜃 radians with 

the positive y-axis, where 0 ≤ 𝜃 <
గ

ଶ
. 

(i)  Show that point P is moving along the are at a rate of 0.8
ௗఏ

ௗ௧
 units per second.     [1]                                    

(ii)  Express tan 𝜃 in terms of x and a. Given that 
ௗ௫

ௗ௧
= 0.6 units per second, find in 

terms of 𝑎 and 𝑥, the rate at which the point 𝑃 is moving along the arc.                [4]                                                                              
2 [Q12 VJC Prelim/2020/01/Q1] 

 
Water is poured at a constant rate of 300 cm3 per second into a conical container, as 
shown in the diagram. The conical container has a base radius of 30 cm and semi-
vertical angle of 300. At time 𝑡 seconds, the water in the conicla container has a 
volume of 𝑉 cm3, depth ℎ cm and the radius of the water surface 𝑟 cm. 

 

(i)  Show that 𝑉 = 9000√3𝜋 −
గ

ଽ
(30√3 − ℎ)ଷ.                                                         [3]                                   

[ The volume of cone with radius 𝑟 and height ℎ is 
ଵ

ଷ
𝜋𝑟ଶℎ. ] 

(ii) Find the rate of change of depth of the water in the conical container  

when ℎ = 5√3.                                                                                                     [2]                  
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3 [Q13 DHS Prelim/2020/01/Q9] 

[ It is given that a sphere of radius R has surface area 4𝜋𝑅ଶ and volume 
ସ

ଷ
𝜋𝑅ଷ, and a 

cone of radius r and height h has volume 
ଵ

ଷ
𝜋𝑟ଶℎ.] 

An ice cream company produces ice cream in the shape of a sphere with fixed radius 4 
cm, placed in a right circular waffle cone with top radius 𝑟 cm and height ℎ cm. The 
ice cream is in contact with the sides of the cone, and the top of the ice cream is at the 
same level as the opening of the cone (see diagram). Assume the cone is of negligible 
thickness. 

(i)  Show that 𝑟 =
ସ௛

√௛మି଼௛
 .                                                                                           [2]                                   

(ii) To improve customer satisfaction, the volume of the empty space inside the cone 
should be as small as possible, thus the volume of the cone should be minimized. 
Using differentiation, find the exact minimum volume of the cone.                    [5]      

(iii)  When the ice cream is taken out of the freezer, the ice cream starts to melt, while 
remaining spherical. Given that the surface area of decrease of the volume of the 
ice cream 4 minutes after it has been taken out of the freezer.                             [5]                                                                                                          

4 [Q14 NYJC/2021/P2/Q4] 

Air is pumped into a spherical elastic ball through a tiny hole at a constant rate of 10 
cm3 per second. Assuming that the ball maintains a spherical shape through the 
process, find 

(i) The rate increase of the radius of the ball at the instant when the radius is 5 cm,[2] 
(ii) The rate of the increase of the surface area of the ball at the instant when the 

radius of the ball is increasing at the rate of 
ହ

଻ଶగ
 cm per second.                          [3] 

[ It is given that the surface area and volume of a sphere of radius r are 4𝜋𝑟ଶ  

   and 
ସ

ଷ
𝜋𝑟ଷ respectively.] 
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5 [Q15 TJC/2016/P1/Q5] 

 

In the diagram, A and C are fixed points 500 m apart on horizontal ground. Initially, a 
drone is at point A and an observer is standing at point C. The drone starts to ascend 
vertically at a steady rate of 3 ms-1 as the observer starts to walk towards A with a 
steady speed of 4ms-1 . At time t, the drone is at point B and the observer is at point P. 

Given that angle APB is 𝜃 radians, show that 𝜃 = tanିଵ ቀ
ଷ௧

ହ଴଴ିସ
ቁ.                             [2] 

(i) Find 
ௗఏ

ௗ௧
 in terms of 𝑡.                                                                                             [2] 

(ii) Using differentiation, find the time 𝑡 when the rate of change of 𝜃 is maximum.[4] 
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Maxima & Minima 

1 [Q16 TPJC/2018/P1/Q3] 

A right pyramid toy is placed inside a spherical container of fixed radius 𝑟. The toy has 
a square base 𝑅𝑆𝑇𝑈 and vertical height 𝑉𝑀 of length (𝑟 +  ℎ) where 𝑂 <  ℎ < 𝑟. 𝑀 
is the point where the diagonals 𝑆𝑈 and 𝑅𝑇 of the square meet. The vertices 𝑅, 𝑆, 𝑇, 𝑈 
and 𝑉 of the toy just touch the interior of the container with the vertical height 𝑉𝑀 
passing through the centre 𝑂 of the container. 

(i) Show that the length of the side of the square base 𝑅𝑆𝑇𝑈 is ඥ2(𝑟ଶ − ℎଶ).           [2] 
(ii) Hence, find the maximum volume of the toy in terms of 𝑟.                                    [5] 

     [It is given that the volume of a pyramid is 
ଵ

ଷ
× base area × height.]  

2 [17 VJC/2021/P1/Q9] 

The diagram above shows a plan view of a livestock enclosure, 𝐴𝐵𝐶𝐷𝐸𝐴, consisting 
of a rectangle 𝐵𝐶𝐷𝐸 joined to an equilateral triangle 𝐵𝐹 𝐴 and a sector of a circle with 
radius 𝑥 metres and centre 𝐹. The points 𝐵, 𝐹 and 𝐸lie on a straight line with 𝐹𝐸 =  𝑥 
metres. 
(i) Find the exact area of sector 𝐹𝐸𝐴, giving your answer in terms of 𝑥 and in a 

simplified form.                                                                                                       [2] 
To ensure sufficient living space is given to the livestock, it is desired to have the area 
of the enclosure as 1000 m2. At the same time, to save on the cost required for fencing 
the enclosure, the perimeter of the enclosure, 𝑃 metres, should be made as small as 
possible. 
(ii) Show that 
                                                                                                                                      [4]         
(iii) Use calculus to find the minimum value of 𝑃, giving your answer to one decimal 

place. Justify, by further differentiation, that the value of 𝑃 you have found is a 
minimum.                                                                                                                 [6] 

𝑃 =
1000

𝑥
+

𝑥

12
൫4𝜋 + 36 − 3√3൯. 
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3 [Q18 HCI/2018/P1/Q11] 

To celebrate Singapore's Bicentennial in 2019, the organising committee plans to hold 
a banquet at the Padang. A tent for the banquet consisting of two rectangular vertical 
sides and two pieces of the roof is to be constructed as shown in the diagram below. 
The tent has a length of 𝑥 m and width 𝑦 m, and a total floor area of 4000 m2.  

The vertical sides of the tent are 4 m tall, and the roof adds another 0.01𝑦ଶ m to the 
overall height of the tent. 

 

(i)        Show that 𝐴, the total external surface area of the tent is given by 
                                                                                                             
                                                                                                                                 [3] 
 

(ii)        Show that if A has a stationary value for some x, then x satisfies the equation 
௔

௫ల
=

଺ସ଴଴

௫మ
+ 𝑙, where a is a constant to be determined.                                            [3] 

   
(iii) If the material for the tent costs $2.50 per m2, estimate the minimum  

total cost of the material for the whole tent.                                                     [3]  
                

(iv) A scale model of the tent is to be 3D-printed in a process where the total 
external surface area of this model always satisfies the equation 𝐴 = 8𝑥 +

400ට6 −
ସ଴଴

௫మ + 1. If 𝑥 increases at a rate of 2 units per minute, use 

differentiation to find the rate of change in the total external surface area  
at the instant when 𝑥 = 200 units.                                                                   [3] 
 
 
 
 
          

𝐴 = 8𝑥 + 4000ඨ
6400

𝑥ଶ
+ 𝑙 
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4 [Q19 MJC/2017/P1/Q11] 

A company intends to manufacture a cylindrical double-walled ceramic vacuum flask 
which can hold a fixed 𝑉 cm3 of liquid when filled to the brim. The cylindrical vacuum 
flask is made up of an inner cylindrical aluminum casing ( of negligible thickness) 
with height ℎ cm and radius 𝑟 cm and an outer cylindrical ceramic casing of fixed 
thickness  𝑘 cm. There is a fixed 𝑘 cm gap between the sides of the inner casing and 
outer casing where air has been removed to form a vacuum. The diagram below shows 
the view of the vacuum flask if it is dissected vertically through the centre. 

 

Let the volume of the outer ceramic casing be C cm3. 

(i) Show that the volume of the ceramic casing can be expressed as 

 𝐶 = 𝑘 ቀ
ଶ௏

௥
+

ଷ௞௏

௥మ + 𝜋(𝑟 + 2𝑘)ଶቁ.                                                                    [4] 

(ii) Let 𝑟ଵ be the value of 𝑟 which gives the minimum value of 𝐶. Show that 𝑟ଵ 
satisfies the equation 𝜋𝑟ସ + 2𝜋𝑘𝑟ଷ − 𝑟𝑉 − 3𝑘𝑉 = 0.                                    [3] 

For the rest of the question, it is given that 𝑘 =
ଵ

ସ
 and 𝑉 = 250. 

(iii) Find the minimum volume of the ceramic casing, proving that it is a minimum.  
                                                                                                                        [3] 

(iv) Sketch the graph showing the volume of the ceramic casing as the radius of the 
aluminum casing varies.                                                                                   [2] 
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5 [Q20 ACJC/2022/P1/Q10] 

Figure 1 shows a piece of plastic sheet in the shape of a square with sides a metres. 
Parts of the plastic sheet is cut from each comer to give the shape shown in Figure 2 
which consists of a square, four identical rectangles and four identical equilateral 
triangles. The sides of the square are 𝑥 metres each. Each rectangle has a length of 𝑥 
metres and breadth of 𝑦 metres. Each equilateral triangle has sides of 𝑥 metres. The 
remaining plastic sheet shown in Figure 2 is then folded along the dotted lines to form 
a container, made up of a cuboid and a square base pyramid, as shown in Figure 3. 
The volume of the container is denoted by 𝑉. 

(i) Show that  𝑦 =
ଵ

ଶ
൫𝑎 − ൫1 + √3൯𝑥൯.                                                                 [2] 

(ii) Use differentiation to find, in terms of 𝑎, the value of 𝑥 that gives a  
maximum possible value of 𝑉, proving that it is a maximum.                         [5]                 

[The volume of a square-based pyramid is 
ଵ

ଷ
× base area × height.] 

 
(iii) The container is inverted and is held with its axis vertical and vertex 

downwards as shown in Figure 4. Water is poured into the container at a rate 
of 0.1 cubic metres per minute. At time 𝑡 minutes after the start, the depth of 
water in the container is ℎ metres as shown in the front view diagram of the 
inverted container in Figure 5. 

Given that the dimensions of the container, 𝑥 and 𝑦 are constants and the water level 

 is still within the pyramid. Find in terms of 𝑎, the rate of increase of the water level 
when ℎ =  0.05𝑎 metres.                                                                                             [3]         
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Solutions 

Implicit & Parametric Differentiation 

1 [Q1] 

(i) 𝑦 = 𝑥ୱ୧୬ , where 𝑥 > 0 
In 𝑦 = (sin 𝑥) In 𝑥 
ଵ

௬

ௗ௬

ௗ௫
= (sin 𝑥) ቀ

ଵ

௫
ቁ + (In 𝑥)(cos 𝑥)  

ௗ௬

ௗ௫
= 𝑦 ቂ

ୱ୧୬ ௫

௫
+ (In 𝑥)(cos 𝑥)ቃ  

Or 𝑥ୱ୧୬ ௫ ቂ
ୱ୧୬ ௫

௫
+ (In 𝑥)(cos 𝑥)ቃ                                                                        [3] 

(ii) Method 1: 
𝑥𝑦 = tanିଵ 𝑦ଶ  

𝑥
ௗ௬

ௗ௫
+ 𝑦 =

ଶ௬

ଵା௬ర

ௗ௬

ௗ௫
  

ௗ௬

ௗ௫
=

௬

൬
మ೤

భశ೤రି௫൰
=

௬(ଵା௬ర)

ଶ௬ି௫(ଵା௬ర)
  

Method 2: 
tan(𝑥𝑦) = 𝑦ଶ  

[secଶ(𝑥𝑦)] ቀ𝑥
ௗ௬

ௗ௫
+ 𝑦ቁ = 2𝑦

ௗ௬

ௗ௫
  

𝑥
ௗ௬

ௗ௫
+ 𝑦 =

ଶ௬
೏೤

೏ೣ

ୱୣୡమ(௫௬)
  

ௗ௬

ௗ௫
ቀ𝑥 −

ଶ௬

ୱୣୡమ(௫௬)
ቁ = −𝑦  

ௗ௬

ௗ௫
=

ି௬

ି௫
మ೤

౩౛ౙమ(ೣ೤)

=
ି௬ ୱୣୡమ(௫௬)

௫ ୱୣୡమ(௫௬)ିଶ௬
=

௬(ଵା௬ర)

ଶ௬ି௫(ଵା௬ర)
                                                     [3] 

2 [Q2] 

(i) 𝑦ଶ = 9 − 𝑠𝑖𝑛ଶ 𝑥 
Differentiate with respect to 𝑥: 

2𝑦
ௗ௬

ௗ௫
= −2 sin 𝑥 cos 𝑥  

2𝑦
ௗ௬

ௗ௫
= − sin(2𝑥)  

2𝑦
ௗ௬

ௗ௫
+ sin(2𝑥) = 0                                                                                         [2] 

(ii) Differentiate again with respect to 𝑥: 

(a) 2 ൤𝑦
ௗమ௬

ௗ௫మ + ቀ
ௗ௬

ௗ௫
ቁ

ଶ

൨ + 2 cos(2𝑥) = 0 

𝑦
ௗమ௬

ௗ௫మ + ቀ
ௗ௬

ௗ௫
ቁ

ଶ

+ [1 − 2 sinଶ 𝑥] = 0  

𝑦
ௗమ௬

ௗ௫మ + ቀ
ௗ௬

ௗ௫
ቁ

ଶ

+ 1 − 2(9 − 𝑦ଶ) = 0  

𝑦
ௗమ௬

ௗ௫మ
+ ቀ

ௗ௬

ௗ௫
ቁ

ଶ

+ 2𝑦ଶ = 17                                                                   [4] 
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(b) 
ௗ

ௗ௫
ൣsin൫2𝑥√1 − 𝑥ଶ൯൧ 

=
ଵ

ටଵି൫ଶ௫√ଵି௫మ൯
మ

ቂ2√1 − 𝑥ଶ + 2𝑥
ି௫

√ଵି௫మቃ  

=
ଵ

ඥଵିସ௫మ(ଵି௫మ)
ቂ

ଶ൫ଵି௫మ൯ିଶ௫మ

√ଵି௫మ ቃ  

=
ଵ

√ଵିସ௫మାସ௫మ ቂ
ଶିସ௫మ

√ଵି௫మቃ  

=
ଵ

ඥ(ଵି௫మ)మ
ቂ

ଶ൫ଵି௫మ൯

√ଵି௫మ
ቃ ቂ|𝑥| <

ଵ

√ଶ
⇒ (1 − 2𝑥ଶ) > 0ቃ  

=
ଶ

√ଵିଶ௫మ
 , where 𝑎 = 2                                                                        [4] 

3 [Q3] 

(i) 𝑦 =
ଶ௫

ସା௫మ − tanିଵ ௫

ଶ
  

ௗ௬

ௗ௫
=

ଶ൫ସା௫మ൯ିସ௫మ 

(ସା௫మ)మ −
భ

మ

ଵାቀ
భ

మ
௫ቁ

మ   

=
଼ିଶ௫మ

(ସା௫మ)మ
−

ଶ

ସା௫మ
  

= −
ସ௫మ

(ସା௫మ)మ
   (shown)                                                                                     

Since 𝑥ଶ > 0 and (4 + 𝑥ଶ)ଶ > 0 for 𝑥 > 0,
ௗ௬

ௗ௫
< 0 for 𝑥 > 0 ⇒ 𝑦 is a decreasing 

function for 𝑥 > 0. 

When 𝑥 = 0, 𝑦 = 0 so we have 𝑦 < 0 for all 𝑥 > 0.                                                [3m] 

(ii) f(𝑥) =
ଵ

௫
tanିଵ ௫

ଶ
  

f ′(𝑥) =

ቌ

ೣ
మ

భశ
ೣమ

ర

ቍି୲ୟ୬షభೣ

మ

௫మ   

=
మೣ

రశೣమି୲ୟ୬షభೣ

మ

௫మ                                                                                                    

From (i), 
ଶ௫

ସା௫మ − tanିଵ ௫

ଶ
< 0 for all 𝑥 > 0 and 𝑥ଶ > 0 for 𝑥 > 0, f ᇱ (𝑥) < 0 for all 

𝑥 > 0. 

Thus, f is a decreasing function.                                                                                [2m] 

4 [Q4] 

𝑥 = 2 cos 2𝑡,   𝑦 = 3 sin 2𝑡,   for 0 ≤ 𝑡 ≤
గ

ସ
  

ௗ௫

ௗ௧
= −4 sin 2𝑡,

ௗ௬

ௗ௧
= 6 cos 2𝑡  

ௗ௬

ௗ௫
=

ௗ௬

ௗ௧
×

ௗ௧

ௗ௫
=

଺ ୡ୭ୱ ଶ௧

ିସ ୱ୧୬ ଶ௧
= −

ଷ

ଶ ୲ୟ୬ ଶ௧
= −

ଷ

ଶ
cot 2𝑡  

Since tan 2𝑡 > 0,   for 0 ≤ 𝑡 ≤
గ

ସ
 

⇒
ௗ௬

ௗ௫
= −

ଷ

ଶ ୲ୟ୬ ଶ
< 0  

Therefore, as 𝑥 increase, 𝑦 decreases.                                                                          [4] 
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5 [Q5] 

(i) 
ௗ௫

ௗఏ
= 𝑎 − 𝑎  cos 𝜃 and

ௗ௬

ௗఏ
= 𝑎 sin 𝜃 

ௗ௬

ௗ௫
=

ௗ௬

ௗఏ
÷

ௗ௫

ௗఏ
  

=
௔ ୱ୧୬ ఏ

௔ି௔ ୡ୭ୱ ఏ
  

=
ୱ୧୬ ఏ

ଵିୡ୭ୱ ఏ
  

=
ଶ ୱ୧୬

ഇ

మ
ୡ୭ୱ

ഇ

మ

ଶ ୱ మഇ

మ

(double angle formula)   

= cot
ఏ

ଶ
(shown)                                                                                               [3] 

 

(ii) When 𝜃 =
గ

ଷ
, 

𝑥 = 𝑎 ቀ
గ

ଷ
ቁ − 𝑎 sin ቀ

గ

ଷ
ቁ = ቀ

గ

ଷ
−

√ଷ

ଶ
ቁ 𝑎 and   

𝑦 = 𝑎 − 𝑎 cos ቀ
గ

ଷ
ቁ =

ଵ

ଶ
𝑎  

Gradient of normal = − tan
గ

଺
= −

ଵ

√ଷ
 

Equation of normal: 

𝑦 −
ଵ

ଶ
𝑎 = −

ଵ

√ଷ
ቂ𝑥 − ቀ

గ

ଷ
𝑎 −

√ଷ

ଶ
𝑎ቁቃ  

𝑦 = −
ଵ

√ଷ
𝑥 +

ଵ

√ଷ
ቀ

గ

ଷ
𝑎 −

√ଷ

ଶ
𝑎ቁ +

ଵ

ଶ
𝑎  

𝑦 = −
ଵ

√ଷ
𝑥 +

௔గ

ଷ√ଷ
                                                                                               [4] 
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Tangents & Normals 
1 [Q6] 

(i) 
ௗ௫

ௗ௧
= 2 cos 𝑡  

ௗ௬

ௗ௧
= − sin 𝑡  

ௗ௬

ௗ௫
=

ି ୱ୧୬ ௧

ଶ ୡ୭ୱ ௧
= −

୲ୟ୬ ௧

ଶ
  

Equation of tangent 𝑇 is 

𝑦 − 1 − cos 𝑝 = −
୲ୟ୬ ௣

ଶ
(𝑥 − 2 sin 𝑝)  

i. 𝑦 = 1 + cos 𝑝 −
୲ୟ୬ ௣

ଶ
𝑥 +

ୱ୧୬మ ௣

ୡ୭ୱ ௣
  

ii. = 1 +
ୡ୭ୱమ ௣ାୱ మ ௣

ୡ୭ୱ
−

୲ୟ

ଶ
𝑥  

iii. = 1 + sec 𝑝 −
୲ୟ୬ ௣

ଶ
𝑥  

2𝑦 + 𝑥 tan 𝑝 = 2(1 + sec 𝑝)  
(ii) When 𝑦 = 0 

୲ୟ୬ ௣

ଶ
𝑥 = 1 + sec 𝑝  

𝑥 =
ଶାଶ ୱୣ

୲ୟ୬ ௣
  

When 𝑥 = 0, 𝑦 = 1 + sec 𝑝 
Method 1: 

Coordinates of 𝑀 = ቀ
ଵାୱୣୡ ௣

୲ୟ୬ ௣
,

ଵାୱୣୡ

ଶ
ቁ. 

𝑦 =
ଵାୱୣୡ ௣

ଶ
⇒ sec 𝑝 = 2𝑦 − 1  

𝑥 =
ଵାୱୣୡ ௣

୲ୟ
=

ଶ௬

୲ୟ୬ ௣
  

Using 1 + tanଶ 𝑝 = secଶ 𝑝,  

1 + ቀ
ଶ௬

௫
ቁ

ଶ

= (2𝑦 − 1)ଶ  

1 +
ସ௬మ

௫మ = 4𝑦ଶ − 4𝑦 + 1  

𝑦 = 𝑦𝑥ଶ − 𝑥  
𝑥 = 𝑦(𝑥ଶ − 1)  

𝑦 =
௫

௫మିଵ
  

Method 2: 

Coordinates of 𝑀 = ቀcot 𝑝 + 𝑐𝑜𝑠𝑒𝑐 𝑝,
ଵାୱୣୡ ௣

ଶ
ቁ. 

𝑦 =
ଵାୱୣୡ ௣

ଶ
⇒ sec 𝑝 = 2𝑦 − 1  

𝑥 = cot 𝑝 + 𝑐𝑜𝑠𝑒𝑐 𝑝 =
ୡ୭ୱ ௣ାଵ

ୱ୧୬ ௣
  

Using sinଶ 𝑝 + cosଶ 𝑝 = 1  

ቀ
ୡ୭ୱ ௣ା

௫
ቁ

ଶ

+ ቀ
ଵ

ଶ௬
ቁ = 1  

ቀ
భ

మ೤షభ
ାଵቁ

మ

௫మ
+

ଵ

(ଶ௬ିଵ)మ
= 1   

(ଶ௬)మ

(ଶ௬ିଵ)మ௫మ
+

ଵ

(ଶ௬ିଵ)మ
= 1   

4𝑦ଶ + 𝑥ଶ = (4𝑦ଶ − 4𝑦 + 1)𝑥ଶ  
𝑦ଶ = 𝑦ଶ𝑥ଶ − 𝑦𝑥ଶ  
𝑥ଶ = 𝑦(𝑥ଶ − 1)  

𝑦 =
𝑥ଶ

𝑥ଶ − 1
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2 [Q7] 
(i)  

(ii) 
ௗ௬

ௗ௫
=

ௗ௬

ௗ௫
×

ଵ

ቀ
೏ೣ

೏೤
ቁ

=
ଶ௔

ଶ௔௧
=

ଵ

௧
  

Gradient of normal = −𝑡. 
Equation of normal at a point 𝑃 is given by 
௬ିଶ௔௣

௫ି௔௣మ = −𝑝  

⇒ 𝑦 = 2𝑎𝑝 − 𝑝(𝑥 − 𝑎𝑝ଶ)  

(iii) If the normal at point 𝑃 meets 𝐶 again at point 𝑄, 
2𝑎𝑞 = 2𝑎𝑝 − 𝑝(𝑎𝑞ଶ − 𝑎𝑝ଶ)  
𝑝𝑞ଶ + 2𝑞 − (2𝑝 + 𝑝ଷ) = 0  

𝑞 =
ିଶ±ඥସାସ௣(ଶ௣ା௣య)

ଶ௣
  

=
ିଶ±ඥସା଼௣మାସ௣ర

ଶ௣
  

=
ିଶ±ඥ(ଶ௣మାଶ)మ

ଶ௣
  

=
ିଶା(ଶ௣ାଶ)

ଶ௣
or

ିଶି(ଶ௣మାଶ)

ଶ௣
  

= 𝑝 (rejected as is the point P) or − 𝑝 −
ଶ

௣
  

Therefore, Q will meet C again with 𝑞 = −𝑝 −
ଶ

௣
  

Coordinates of 𝑃 = (𝑎𝑝ଶ, 2𝑎𝑝) 

Coordinates of 𝑄 = ቆ𝑎 ቀ𝑝 +
ଶ

௣
ቁ

ଶ

, 2𝑎 ቀ
௣మାଶ

௣
ቁቇ 

𝑃𝑄ଶ  

= (𝑎𝑝 − 𝑎 ൬ቀ𝑝 +
ଶ

௣
ቁ

ଶ

൰
ଶ

+ (2𝑎𝑝 + 2𝑎 ቀ
௣మାଶ

௣
ቁ  

= ቆ𝑎𝑝ଶ − 𝑎 ቀ𝑝ଶ + 4 +
ସ

௣మቁቇ

ଶ

+ ቀ4𝑎𝑝 +
ସ௔

௣
ቁ

ଶ

  

= 16𝑎ଶ ቀ1 +
ଵ

௣మቁ + 16𝑎ଶ ቀ
௣మାଵ

௣
ቁ

ଶ

  

= 16𝑎ଶ ൬
൫௣మାଵ൯

మ

௣ర + ቀ
௣మାଵ

௣
ቁ

ଶ

൰  

=
ଵ଺௔మ

௣ర
((𝑝ଶ + 1)ଶ + 𝑝ଶ(𝑝ଶ + 1)ଶ)  

=
ଵ଺௔మ

௣ర
(𝑝ଶ + 1)ଷ   
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Note that PR and QR are perpendicular to each other (angle PRQ is 90o – angle 
in a semi-circle). 

Gradient of 𝑃𝑅 =
ଶ௔௣ିଶ

௔௣మି௔௥మ
=

ଶ

௣ା௥
 

Gradient of 𝑄𝑅 =
ିଶ௔൬

೛మశమ

೛
൰ିଶ௔௥

௔ ൬
೛మశమ

೛
൰ି௔

= −
ଶ

൬
೛మశమ

೛
൰ି௥

  

−
ଶ

൬
೛మశమ

೛
൰ି௥

ଶ

௣ା௥
= −1  

(𝑝 + 𝑟) ቀ𝑝 +
ଶ

௣
− 𝑟ቁ = 4  

𝑝ଶ − 𝑟ଶ +
ଶ௥

௣
= 2 . (Shown) 
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3 [Q8] 

𝑦 = 1 −
ଵ

௫
  

ௗ௬

ௗ௫
= 𝑥ିଶ  

At 𝑥 = 𝑎 

ௗ௬

ௗ௫
=

ଵ

௔మ ,  𝑦 = 1 −
ଵ

௔
  

Tangent at 𝑥 = 𝑎 

𝑦 − 1 +
ଵ

௔
=

ଵ

௔మ (𝑥 − 𝑎)  

𝑎ଶ𝑦 − 𝑎ଶ + 𝑎 = 𝑥 − 𝑎  

𝑎ଶ𝑦 − 𝑥 = 𝑎ଶ − 2𝑎 (Shown) 

If 𝑙 is parallel to 9𝑦 − 𝑥 = 1 

ௗ௬

ௗ௫
=

ଵ

௔మ =
ଵ

ଽ
  

𝑎 = −3(reject as a > 0) or 3  

When 𝑎 = 3, 

3ଶ𝑦 − 𝑥 = 3ଶ − 2(3)  

9𝑦 − 𝑥 = 3  

4 [Q9] 

௫మ

ଵା௫మ +
௬మ

ଵା௬మ = 𝑥ଷ𝑦ହ  

ଶ௫൫ଵା௫మ൯ିଶ௫(௫మ)

(ଵା௫మ)మ +
ଶ௬

೏೤

೏ೣ
ିଶ௬

೏೤

೏ೣ
(௬మ)

(ଵା௬మ)మ = 5𝑥ଷ𝑦ସ ௗ௬

ௗ௫
+ 3𝑥ଶ𝑦ହ  

At(1,1), 

ଶ(ଶ)ିଶ

ସ
+

ସ
೏೤

೏ೣ
ିଶ

೏೤

೏ೣ

ସ
= 5

ௗ௬

ௗ௫
+ 3  

ଵ

ଶ
+

ଵ

ଶ

ௗ௬

ௗ௫
= 5

ௗ௬

ௗ௫
+ 3 ⇒

ௗ௬

ௗ௫
= −

ହ

ଽ
   

Equation of tangent at (1,1) is 𝑦 − 1 = −
ହ

ଽ
(𝑥 − 1) ⇒ 5𝑥 + 9𝑦 = 14 
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5 [Q10] 

(i) 
ௗ௫

ௗ௧
= −

௔

௧మ ;               
ௗ௬

ௗ௧
= 𝑎 ቀ1 +

ଶ

௧యቁ 

ௗ௬

ௗ௫
=

௔ቀଵା
మ

೟యቁ

ି
ೌ

೟మ

= −
௧యାଶ

௧
  

When 𝑡 = −
ଵ

ଶ
 ,   

ௗ௬

ௗ௫
=

ଵହ

ସ
 ,  𝑥 = −𝑎 ,   𝑦 = −

ଽ

ଶ
𝑎 

Equation of tangent at 𝑃: 𝑦 +
ଽ

ଶ
𝑎 =

ଵହ

ସ
(𝑥 + 𝑎) 

𝑦 =
ଵହ

ସ
𝑥 −

ଷ

ସ
𝑎  

Gradient of normal at 𝑃 = −
ସ

ଵହ
 

Equation of normal at 𝑃: 𝑦 +
ଽ

ଶ
𝑎 = −

ସ

ଵହ
(𝑥 + 𝑎)  

𝑦 = −
ସ

ଵହ
𝑥 −

ଵସଷ

ଷ଴
𝑎  

(ii) At point 𝑄, 𝑥 = 0, 𝑦 = −
ଷ

ସ
𝑎  

At point 𝑅, 𝑥 = 0, 𝑦 = −
ଵସଷ

ଷ଴
𝑎  

Area of triangle 𝑃𝑄𝑅 

=
ଵ

ଶ
|𝑎| ቀ

ଵସଷ

ଷ଴
|𝑎| −

ଷ

ସ
|𝑎|ቁ  

=
ଵ

ଶ
ቀ

ଶସଵ

଺଴
ቁ |𝑎|ଶ  

=
ଶସଵ

଺଴
𝑎ଶ  (shown) 
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Rates of Change 

1 [Q11] 

(i) Arc length = 𝑆 = 𝑟𝜃 

Speed at which 𝑄 is moving =
ௗௌ

ௗ௧
= 𝑟

ௗఏ

ௗ௧
= 0.8

ௗఏ

ௗ௧
  

(since 𝑟 is a constant)                                                                                      [1] 

(ii) tan 𝜃 =
௫

௔
  

secଶ 𝜃 ቀ
ௗఏ

ௗ௧
ቁ =

ଵ

௔
ቀ

ௗ௫

ௗ௧
ቁ   

ௗఏ

ௗ௧
=

ୡ୭ୱ ఏ

௔
ቀ

ௗ௫

ௗ௧
ቁ  

ௗఏ

ௗ௧
=

଴.଺ ୡ୭ୱమ ఏ

௔
  

ௗௌ

ௗ௧
= 0.8 ቂ

଴.଺ ୡ୭ୱ ఏ

௔
ቃ  

Since  

tan 𝜃 =
௫

௔
  

secଶ 𝜃 = 1 + tan 𝜃 = 1 +
௫మ

௔మ
    

ௗௌ

ௗ௧
= 0.8 ൥

଴.଺

௔൬ଵା
ೣమ

ೌమ൰
൩  

ௗௌ

ௗ௧
=

଴.ସ଼

௔మା௫మ =
ଵଶ௔

ଶହ(௔మା௫మ)
                                                                                      [4] 

2 [Q12) 

(i) Let 𝐻 be the height of the container. 

Then tan 30௢ =
ଷ଴

ு
⇒ 𝐻 = 30√3  

Also, tan 30ଶ =
௥

ுି௛
 

a. 
ଵ

√ଷ
=

௥

ଷ଴√ଷି௛
⇒ 𝑟 =

ଷ଴√ଷି௛

√ଷ
  

Volume of water, 𝑉 = volume of cone – volume of unfilled cone 

=
ଵ

ଷ
𝜋(30)ଶ 𝐻 −

ଵ

ଷ
𝜋𝑟ଶ(𝐻 − ℎ)  

=
ଵ

ଷ
𝜋(30)ଶ൫30√3൯ −

ଵ

ଷ
𝜋 ቀ

ଷ଴√ଷି௛

√ଷ
ቁ

ଶ

(30√3 − ℎ)  

= 9000√3𝜋 −
గ

ଽ
(30√3 − ℎ)ଷ (shown) 

(ii) 
ௗ௏

ௗ௧
= −

ଷగ

ଽ
(30√3 − ℎ)ଶ ቀ−

ௗ௛

ௗ௧
ቁ =

గ

ଷ
(30√3 − ℎ)ଶ ௗ௛

ௗ௧
  

Since 
ௗ௏

ௗ௧
= 300, when ℎ = 5√3, 

300 =
గ

ଷ
(30√3 − 5√3)ଶ ௗ௛

ௗ௧
  

=
గ

ଷ
൫25√3 ൯

ଶ ௗ௛

ௗ௧
  

∴
ௗ௛

ௗ௧
=

ଷ଴଴

଺ଶହగ
=

ଵଶ

ଶହ
(≈ 0.153)  

i.e. rate of change of depth of water is 
ଵଶ

ଶହగ
 cm sିଵ. 
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OR: 

𝑉 = 9000√3𝜋 −
గ

ଽ
(30√3 − ℎ)ଷ  

ௗ௏

ௗ௧
= −

గ

ଷ
(30√3 − ℎ)ଶ(−1)  

=
గ

ଷ
(30√3 − ℎ)ଶ  

Then 
ௗ௛

ௗ௧
=

ௗ௛

ௗ௏
×

ௗ௏

ௗ௧
  

=
ଵ

ഏ

య
(ଷ଴√ଷି௛)మ

× (300)  

=
ଽ଴଴

గ(ଷ଴√ଷି௛)మ  

When ℎ = 5√3, 
ௗ௛

ௗ௧
=

ଽ଴଴

గ(ଷ଴√ଷିହ√ଷ)మ  

=
ଵଶ

ଶହగ
(≈ 0.153)  

Hence rate of change of depth of water is 
ଵଶ

ଶହగ
 cm s-1. 

3 [Q13] 

(i) Using similar triangles, 
√௥మା௛మ

௥
=

௛ିସ

ସ
  

16(𝑟ଶ + ℎଶ) = 𝑟ଶ(ℎ − 4)ଶ  
𝑟ଶ(ℎ − 8ℎ) = 16ℎଶ  

𝑟ଶ =
ଵ଺௛మ

௛మି଼
  

∴ 𝑟 =
ସ௛

√௛మି଼
  (shown) 

(∵ 𝑟 > 0)  

(ii) Volume of cone be, 𝑉 =
ଵ

ଷ
𝜋𝑟ଶℎ  

=
ଵ

ଷ
𝜋 ቀ

ସ௛

√௛మି଼
ቁ

ଶ

ℎ  

=
ଵ଺గ

ଷ
ቀ

௛మ

௛ି଼
ቁ  

ௗ௏

ௗ௛
=

ଵ଺గ

ଷ
ቀ

ଶ௛(௛ି଼)ି௛మ

(௛ି଼)మ ቁ  

=
ଵ଺గ

ଷ
ቀ

௛మିଵ଺௛

(௛ି଼)మ ቁ  

=
ଵ଺గ௛(௛ିଵ଺)

ଷ(௛ି଼)మ   

When 
ௗ௏

ௗ௛
= 0 ,    ℎ = 0  (n.a since ℎ > 0)        or ℎ = 16 

Note that ℎ > 0 and (ℎ − 8)ଶ > 0 

ℎ 16 16 16+ 

ℎ − 16 −ve 0 +ve 
𝑑𝑉

𝑑ℎ
 

−ve 0 +ve 

Hence, 𝑉 is minimum at ℎ = 16. 

Minimum value of 𝑉 =
ଵ଺గ

ଷ
ቀ

ଵ଺మ

ଵ଺ି଼
ቁ =

ହଵଶగ

ଷ
 cm3. 

Alternative 

௥

ସ
=

௛

ඥ(௛ିସ)మିସమ
  

𝑟 =
ସ௛

√௛మି଼௛
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(iii) Let 𝑉௜, 𝐴 and 𝑅 be the volume, surface area and radius of the ice cream sphere 
respectively. 

Given 
ௗ஺

ௗ௧
= −

గ

ଵ଺
 . 

 𝑉௜ =
ସ

ଷ
𝜋𝑅ଷ        and            𝐴 = 4𝜋𝑅ଶ  

ௗ௏೔

ௗோ
= 4𝜋𝑅ଶ                         

ௗ஺

ௗோ
= 8𝜋𝑅 

ௗ௏೔

ௗ௧
=

ௗ௏೔

ௗோ
×

ௗோ

ௗ௧
  

=
ௗ௏೔

ௗோ
× ቀ

ௗோ

ௗ஺
×

ௗ஺

ௗ௧
ቁ  

= 4𝜋𝑅ଶ ቀ
ଵ

଼గோ
ቁ ቀ−

ଵ

ଵ଺
𝜋ቁ  

= −
గோ

ଷଶ
  

At 𝑡 = 0,   𝐴 = 4𝜋(4ଶ) = 64𝜋 

At 𝑡 = 4,   𝐴 = 64𝜋 − 4 ቀ
ଵ

ଵ଺
𝜋ቁ =

ଶହହగ

ସ
  

𝑅 = ට
ଶହହ

ଵ଺
   (or 3.9922)  

∴
ௗ௏೔

ௗ௧
= −

గ

ଷଶ
ට

ଶହହ

ଵ଺
= −ට

ଶହହగ

ଵଶ଼
 cmଷ/min  

∴ rate of decrease of volume = ට
ଶହହగ

ଵଶ଼
 cmଷ/ min(or. 0.392 (3 sf))  

4 [Q14] 

(i) 𝑉 =
ସ

ଷ
𝜋𝑟ଷ ⇒

ௗ௏

ௗ௧
= 4𝜋𝑟ଶ ௗ௥

ௗ௧
 . (1) 

Substitute 
ௗ௏

ௗ௧
= 10,  𝑟 = 5 into (1) gives 

10 = 4𝜋(5)ଶ ௗ௥

ௗ௧
⇒

ௗ௥

ௗ௧
=

ଵ

ଵ଴గ
  

 

(ii) 𝐴 = 4𝜋𝑟ଶ ⇒
ௗ஺

ௗ௧
= 8𝜋𝑟

ௗ௥

ௗ௧
 (2) 

Substitute 
ௗ௏

ௗ௧
= 10, 

ௗ௥

ௗ௧
=

ହ

଻ଶ
 into (1) gives 

10 = 4𝜋𝑟ଶ ൬
5

72𝜋
൰ ⇒ 𝑟 = 6 

Substitute 
ௗ௥

ௗ௧
=

ହ

଻ଶ
,  𝑟 = 6 into (2) gives 

𝑑𝐴

𝑑𝑡
= 8𝜋(6) ൬

5

72𝜋
൰ =

10

3
 

So, the surface area of the ball is increasing at the rate of 
ଵ଴

ଷ
 cm2/s. 
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5 [Q15] 

At time 𝑡, 𝐴𝐵 = 3𝑡, 𝐴𝑃 = 500 − 4𝑡 

tan 𝜃 =
஺஻

஺௉
=

ଷ௧

ହ଴଴ିସ௧
  

𝜃 = tanିଵ ቀ
ଷ௧

ହ଴଴ି
ቁ    (shown) 

(i) 
ௗఏ

ௗ௧
=

ଵ

ଵାቀ
య೟

ఱబబష
ቁ

×
(ହ଴଴ିସ )(ଷ)ିଷ௧(ିସ)

(ହ଴଴ିସ )మ  

=
(ହ଴଴ିସ௧)మ

(ହ଴଴ି )మା(ଷ௧)మ ×
ଵହ଴଴

(ହ଴଴ି )మ =
ଵହ଴଴

ଽ௧మା(ହ଴଴ି )మ  

ቀ=
ଵହ଴଴

ଶହଶమିସ଴଴଴௧ାଶହ଴଴଴
=

଺଴

௧మିଵ଺଴௧ାଵ଴଴଴
ቁ  

(ii) Method 1: 
ௗ

ௗ௧
ቀ

ௗఏ

ௗ௧
ቁ =

ௗమఏ

ௗ௧మ =
ିଵହ଴଴(଼௧ାଶ(ହ଴଴ିସ௧)(ିସ))

(ଽ௧మା(ହ଴଴ିସ௧)మ)మ =
ିଵହ଴଴(ହ଴௧ିସ଴଴଴)

(ଽ௧మା(ହ଴଴ିସ௧)మ)మ  

ௗమఏ

ௗ௧మ = 0 ⇒ −1500(50𝑡 − 4000) = 0  

⇒ 𝑡 = 80  
 

𝑡 80ି 80 80+ 

𝑑ଶ𝜃

𝑑𝑡ଶ
 

+ve 0 −ve  

Slope    

 
Using first derivative test, rate of change of 𝜃 is maximum at 𝑡 = 80 
Method 2: 
ௗఏ

ௗ௧
=

଺଴

௧మିଵ଺଴௧ାଵ଴଴଴
=

଺଴

(௧ି଼଴)మାଷ଺଴଴
  

ௗఏ

ௗ௧
  is maximum when (𝑡 − 80)ଶ = 0 i.e. when 𝑡 = 80. 
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Maxima / Minima 

1 [Q16] 

(i) 𝑀𝑈 = √𝑟ଶ − ℎଶ 

𝑆𝑈 = 2√𝑟ଶ − ℎଶ  
Length of square base 

= sin ቀ
గ

ସ
ቁ 2√𝑟ଶ − ℎଶ  

=
√ଶ

ଶ
2√𝑟ଶ − ℎଶ  

= ඥ2(𝑟ଶ − ℎଶ)  (shown) 

(ii) Volume of toy, 𝑉 =
ଶ

ଷ
(𝑟ଶ − ℎଶ)(𝑟 + ℎ)  

ௗ௏

ௗ௛
=

ଶ

ଷ
[(𝑟ଶ − ℎଶ) + (𝑟 + ℎ)(−2ℎ)]  

=
ଶ

ଷ
(𝑟ଶ − 2𝑟ℎ − 3ℎଶ)  

For stationary point, 
ௗ௏

ௗ௛
= 0 

ଶ

ଷ
(𝑟ଶ − 2𝑟ℎ − 3ℎଶ) = 0  

(𝑟 + ℎ)(𝑟 − 3ℎ) = 0  

ℎ = −𝑟  (𝑟𝑒𝑗𝑒𝑐𝑡 𝑠𝑖𝑛𝑐𝑒 ℎ > 0)      𝑜𝑟      ℎ =
ଵ

ଷ
𝑟  

ௗమ௏

ௗ௛మ =
ଶ

ଷ
(−2𝑟 − 6ℎ)  

When ℎ =
ଵ

ଷ
𝑟, 

ௗమ௏

ௗ௛మ = −
଼

ଷ
𝑟 < 0  

ℎ =
ଵ

ଷ
𝑟 gives maximum 𝑉. 

Maximum volume of toy, 𝑉 =
ଶ

ଷ
൬𝑟 − ቀ

௥

ଷ
ቁ

ଶ

൰ ൬𝑟 + ቀ
௥

ଷ
ቁ൰ 

=
଺ସ௥య

଼ଵ
   unitsଷ  

2 [Q17] 

(i) Angle 𝐴𝐹𝐸 = 180° − 60° = 120°  

Area of sector 𝐹𝐸𝐴 =
ଵଶ଴

ଷ଺଴
𝜋𝑥ଶ =

ଵ

ଷ
𝜋𝑥ଶ 

(ii) total area =
ଵ

ଶ
𝑥ଶ sin 60° + 𝐵𝐶(2𝑥) +

ଵ

ଷ
𝜋𝑥ଶ 

2𝑥(𝐵𝐶) = 1000 −
√ଷ

ସ
𝑥ଶ −

ଵ

ଷ
𝜋𝑥ଶ  

𝐵𝐶 =
ହ଴଴

௫
−

√ଷ

଼
𝑥 −

గ

଺
𝑥  

𝑃 = 𝑥 + 2 ቀ
ହ଴଴

௫
−

√ଷ

଼
𝑥 −

గ

଺
𝑥ቁ + 2𝑥 +

ଵ

ଷ
(2𝜋𝑥)  

=
ଵ଴଴଴

௫
+

௫

ଵଶ
൫4𝜋 + 36 − 3√3൯  
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(iii) 
ௗ௉

ௗ௫
= −

ଵ଴଴଴

௫మ
+

ଵ

ଵଶ
൫36 − 3√3 + 4𝜋൯ 

ௗ௉

ௗ௫
= 0 ⇒

ଵ଴଴଴

௫మ =
ଵ

ଵଶ
൫36 − 3√3 + 4𝜋൯  

𝑥 = 16.634  
𝑃 = 120.2  
ௗమ௉

ௗ௫మ =
ଶ଴଴଴

௫య   

When 𝑥 = 16.634, 
ௗమ௉

ௗ௫మ =
ଶ଴଴଴

ଵ଺.଺ଷ య > 0  

∴ minimum 𝑃 = 120.2  

3 [Q18] 

(i) Floor area 𝑥𝑦 = 4000 ⇒ 𝑦 =
ସ଴଴଴

௫
  

Area 𝐴 = 2(4𝑥) + 2𝑥ට(0.01𝑦ଶ)ଶ + ቀ
௬

ଶ
ቁ

ଶ

  

= 8𝑥 + 2𝑥ටቀ0.01
ସ଴଴଴మ

௫మ ቁ
ଶ

+ ቀ
ସ଴଴଴

ଶ௫
ቁ

ଶ

  

= 8𝑥 + 2𝑥ට
ଵ଺଴଴଴ మ

௫ర
+

ଶ଴଴଴మ

௫మ
   

= 8𝑥 + 4000ට
଺ସ଴଴

௫మ + 1  

(ii) 
ௗ஺

ௗ௫
= 8 + 2000 ቀ

଺ସ଴଴

௫మ + 1ቁ
ିଵ/ଶ

ቀ−
ଵଶ଼଴଴

௫య ቁ = 0  

ቀ
଺ସ଴଴

௫మ + 1ቁ
ିଵ/ଶ ଶହ଺଴଴଴଴଴

௫య = 8  

ଷଶ଴଴଴଴଴

௫య
= ට

଺ସ଴଴

௫మ
+ 1  

ଵ.଴ଶସ×ଵ଴భయ

௫ల =
଺ସ଴଴

௫మ + 1  

𝑎 = 1.024 × 10ଵଷ  
(iii)  

By GC, 𝑥 = 140.6342 = 141 to 3 s.f. 
Method 1: 
 

𝑥 140.63ି 140.63 140.63ା 

𝑑𝐴

𝑑𝑥
 

−ve 0 +ve 
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Method 2: 
ௗమ஺

ௗ௫మ
= ቀ

଺ସ଴଴

௫మ
+ 1ቁ

ିଵ/ଶ

ቀ
଻଺଼଴଴଴଴଴

௫ర ቁ  

+ ቀ
଺ସ଴଴

௫మ + 1ቁ
ିଷ/ଶ

ቀ−
ଵଶ଼଴଴଴଴଴

௫య ቁ ቀ−
ଵଶ଼଴଴

௫య ቁ  

> 0 when 𝑥 = 140.6342 
Hence A is minimum when 𝑥 = 141 to 3 s.f. 

Minimum Cost= ቈ8(140.6342) + 4000ට
଺ସ଴଴

ଵସ଴.଺ଷସଶమ
+ 1቉ 2.50  

= $14317.43 (nearest cents) 
= $14300 (to 3 s.f.) 

(iv) From (ii), 
ௗ஺

ௗ௫
= 8 − ቀ

଺ସ଴଴

௫మ + 1ቁ
ି

భ

మ ଶହ଺଴଴଴଴଴

௫య   

When 𝑥 = 200,  
ௗ஺

ௗ௫
=

ௗ஺

ௗ௫

ௗ௫

ௗ௧
  

= ቈ8 − ቀ
଺ସ଴଴

ଶ଴଴మ + 1ቁ
ି

భ

మ ଶହ଺଴଴଴଴଴

ଶ଴଴య ቉ 2  

= 10.0577  
= 10.1  unit2 /min (3 s.f.) 

4 [Q19] 

(i) 𝑉 = 𝜋ℎ𝑟ଶ  

ℎ =
௏

గ௥మ  ------- (*) 

𝐶 = 𝜋(ℎ + 𝑘)(𝑟 + 2𝑘)ଶ − 𝜋ℎ(𝑟 + 𝑘)ଶ  
= 𝜋(ℎ((𝑟 + 2𝑘)ଶ − (𝑟 + 𝑘)ଶ) + 𝑘(𝑟 + 2𝑘)ଶ)  

= 𝜋൫ℎ൫(𝑟ଶ + 4𝑟𝑘 + 4𝑘ଶ) − (𝑟ଶ + 2𝑟𝑘 + 𝑘ଶ)൯ + 𝑘(𝑟 + 2𝑟𝑘)ଶ൯  

= 𝜋 ቀ
௏

గ௥మ
(2𝑟𝑘 + 3𝑘ଶ) + 𝑘(𝑟 + 2𝑘)ଶቁ         (from (*)) 

= 𝑘 ቀ𝑉
(ଶ௥ାଷ௞)

௥మ + 𝜋(𝑟 + 2𝑘)ଶቁ  

= 𝑘 ቀ
ଶ௏

௥
+

ଷ௞௏

௥మ + 𝜋(𝑟 + 2𝑘)ଶቁ                      (shown) 

(ii) 
ௗ஼

ௗ௥
= 𝑘 ൬

ିଶ௏

௥మ −
଺௞

௥య + 2𝜋(𝑟 + 2𝑟𝑘)൰ 

When 
ௗ஼

ௗ௥
= 0, 

𝑘 ൬
ିଶ௏

௥మ −
଺௞௏

௥య + 2𝜋(𝑟 + 2𝑟𝑘)൰ = 0   

−𝑉𝑟 − 3𝑘𝑉 + 𝜋𝑟ଷ(𝑟 + 2𝑘) = 0  
𝜋𝑟ସ + 2𝑘𝜋𝑟ଷ − 𝑉𝑟 − 3𝑘𝑉 = 0                   (shown) 
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(iii) From GC, 
𝑟 = 4.3736       (since 𝑟 > 0) 

𝑟 𝑟ଵ − 𝑟ଵ 𝑟ଵ + 

𝑑𝐶

𝑑𝑟
 

   

 
ௗమ஼

ௗ௥మ = 5.33 > 0 ⇒ 𝐶 is a minimum 

𝐶 = 49.7    (3 s.f.) 
Minimum volume of ceramic casing is 49.7 cm3. 
Note: cannot use part (iv) graph to solve this part.  

(iv) 

 

 

 

 

 

5 [Q20] 

(i)  
By pythagoras’ Theorem, 

height of triangle = ට𝑥ଶ − ቀ
ଵ

ଶ
𝑥ቁ

ଶ

= ට
ଷ

ସ
𝑥ଶ =

√ଷ

ଶ
𝑥 

𝑥 + 2𝑦 + 2 ቀ
√ଷ

ଶ
𝑥ቁ = 𝑎  

𝑦 =
ଵ

ଶ
൫𝑎 − ൫1 + √3൯𝑥൯      (shown) 

(ii) height of pyramid = ටቀ
√ଷ

ଶ
𝑥ቁ − ቀ

ଵ

ଶ
𝑥ቁ

ଶ

= ට
ଵ

ଶ
𝑥ଶ =

ଵ

√ଶ
𝑥  

𝑉 = 𝑥ଶ𝑦 +
ଵ

ଷ
𝑥ଶ ቀ

ଵ

√ଶ
𝑥ቁ  

=
ଵ

ଶ
𝑎𝑥ଶ −

ଵ

ଶ
൫1 + √3൯𝑥ଷ +

ଵ

ଷ√ଶ
𝑥ଷ   

=
ଵ

ଶ
𝑎𝑥ଶ + ቀ

ଵ

ଷ√ଶ
−

ଵ

ଶ
−

√ଷ

ଶ
ቁ 𝑥ଷ  

ௗ௏

ௗ௫
= 𝑎𝑥 + 3 ቀ

ଵ

ଷ√ଶ
−

ଵ

ଶ
−

√ଷ

ଶ
ቁ 𝑥ଶ   

= 𝑎𝑥 + ቀ
ଵ

√ଶ
−

ଷ

ଶ
−

ଷ√ଷ

ଶ
ቁ 𝑥ଶ  

When 
ௗ௏

ௗ௫
= 0 

⇒ 𝑎𝑥 + ቀ
ଵ

√ଶ
−

ଷ

ଶ
−

ଷ√ଷ

ଶ
ቁ 𝑥ଶ = 0  

⇒ 𝑥 ቀ𝑎 + ቀ
ଵ

√ଶ
−

ଷ

ଶ
−

ଷ√ଷ

ଶ
ቁ 𝑥ቁ = 0  
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⇒ 𝑥 = 0 (rejected since 𝑥 > 0)    or 

𝑥 =
௔

ି
భ

√మ
ି

య

మ
ି

య√య

మ

= 0.295𝑎  

Using second derivative test, 
ௗమ௏

ௗ௫మ
= 𝑎 + 2 ቀ

ଵ

√ଶ
−

ଷ

ଶ
−

ଷ√ଷ

ଶ
ቁ 𝑥  

= 𝑎 + 2 ቀ
ଵ

√ଶ
−

ଷ

ଶ
−

ଷ√ଷ

ଶ
ቁ ൭

௔

ି
భ

√మ
ି

య

మ
ି

య√య

మ

൱  

Maximum 𝑉. 
OR    Using first derivative test, 

𝑥 0.290𝑎 𝑎

−
1

√2
−

3
2

−
3√3

2

 0.3𝑎 

𝑑𝑉

𝑑𝑥
 

0.00482𝑎ଶ > 0 0 −0.00519𝑎ଶ < 0 

Slope     
 

(iii)  

 
By similar triangles, 
௫భ
ೣ

మ

=
௛

భ

√మ
௫
  

𝑥ଵ =
√ଶ

ଶ
ℎ  

Since it is a square base pyramid, its base area is (2𝑥ଵ)ଶ 
Volume of water, 𝑉ଵ 

=
ଵ

ଷ
 (2𝑥ଵ)ଶ ℎ =

ଵ

ଷ
ቆ2 ቀ

√ଶ

ଶ
ℎቁቇ

ଶ

 ℎ =
√ଶ

ଷ
ℎଷ  

ௗ௏భ

ௗ௛
= 2ℎଶ  

ௗ௛

ௗ௧
=

ௗ௏భ

ௗ௧
⋅

ௗ௛

ௗ௏భ
  

= (0.1) ቀ
ଵ

ଶ௛మቁ  

= (0.1) ቀ
ଵ

ଶ(଴.଴ହ௔)మቁ  

=
ଶ଴

௔మ   

The depth of the water is increasing at a rate of 
ଶ଴

௔మ
 m/mins. 

 

ht of pyramid =
ଵ

√ଶ
𝑥 


