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MUST KNOW QUESTIONS TO ACE

Correlation & Regression

1 | In an experiment to investigate the decay of organic material over time, a bag of leaf
litter was allowed to sit for a 20-week period in a moderately forested area.
The table below shows the weight of the remaining leaf litter (y kg) when x number of

weeks have passed.

x 1 2 4 6 8 9 11 15 20
y 60.9 | 51.8 | 34.7 | 26.2 14.0 12.3 8.2 3.1 1.4

(i) Draw a scatter diagram of these data. 1]
(ii) Find the equation of the regression line of y on x and calculate the corresponding
estimated value of y when x = 17.
Comment on the suitability of the linear model for these data. [3]
The variable W is defined as W = Iny.

(iii)Find the product moment correlation coefficient between W and x. 1]
(iv)It is given that the weight of the leaf litter in the bag was 75.0 kg initially. Using an
appropriate regression line, estimate how long it takes for the weight of the leaf

litter to drop to half its initial value, giving your answer to one decimal place.

3]

Give two reasons why you would expect this estimate to be reliable. 2]
(Q1 AJC/2017/P2/Q6)

2 | Ozone, is a colourless gas that is always found in the air that we breathe. It is also the

main component of smog, which presents a serious air quality problem in many cities.
Research on a city's air quality found that the wind speed, s, will result in a change in
the ozone level, y, given below, wheres and y are measured in suitable units.

s 7.0 8.0 92 | 11.1 | 12.7 | 144 | 19.6 | 27.7 | 35.0 | 393
y 49 39 36 34 31 27 24 22 41 20

(i) Draw a scatter diagram for these values. 1]
(ii) Circle the point on the scatter diagram that does not seem to follow the trend and

label it as P. Suggest a possible reason for it. [2]
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For the remaining parts of this question, you should omit point P.
(iii) Suppose that the relationship between s and y are modelled by an equation of the
form
y = a — blns, where a and b are positive constants.
(a) State the product moment correlation coefficient for this model. 1]
(b) Explain, in context, why y = a — b In s may not be a good model. [1]
(iv)Use the model y = ¢ + g, to predict the value of y when s = 50. Comment on the
reliability of your prediction. [2]
(v) Find the intersection point of the least squares regression line in part (iv) with the

. . 1
least squares regression line of Sony. 1]

(vi)Explain why the regression line of i on y should not be used. 1]

(Q2 ACJC/2018/P2/Q7)

3 | Greenhouse gases generated by Singapore comes mainly from the burning of fossil

fuels to generate energy for industries, buildings, households and transportation.
The following table* shows the total greenhouse gas emissions, X (kilotonnes of CO»),

and the total deaths in Singapore, Y from 2007 to 2016.

Year 2007 | 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016
Total 42613 | 41606 | 43100 | 47063 | 49930 | 48712 | 50299 | 50908 | 51896 | 51519
Greenhouse

Gas Emissions
X)

Total Deaths 17140 | 17222 | 17101 | 17610 | 18027 | 18481 | 18938 | 19393 | 19862 | 20017
(Y)

*Extracted from www.singstat.gov.sg

(i) Draw a scatter diagram for these values, labelling the axes and state the product
moment correlation between X and Y. Use your diagram to explain why the best
model for the relationship between X and ¥ may not be given by Y = aX + b,
where a and b are constants. [3]

(ii) Comment on the correctness of the following statement.

"Since there exists a high positive linear correlation between total
greenhouse gas emission and total deaths, the deaths are a result of the

greenhouse gas emissions." 1]
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(iii)Explain clearly which of the following equations, where a and b are constants,
provides the more accurate model of the relationship between X and Y.
(A)YY =aX*+b
B)lgY =aX +b [3]
The Government has pledged that Singapore's greenhouse gas emissions will peak
around 2030 at the equivalent of 65 million tonnes of carbon dioxide.

(iv) Using the model you have chosen in part (iii), write down the equation for the
relationship, giving the regression coefficients correct to 5 significant figures.
Hence find the estimated total deaths in the year 2030 if Singapore's pledge is
fulfilled and comment on the reliability of the estimate. [3]

(Q3 ASrJC/2019/P2/Q5)

4 | (a) Draw the regression line of ¥ on x and x on y on the diagram below, indicating the

residual of one of the data points for each line. Hence describe the difference

I

> x

between the regression line of y on x and x on y. [3]
(b) Table A below shows the duration, t minutes, a diver can stay at different depths, d

feet, below sea level.

Table A
d 50 60 70 80 90 100
t 80 55 45 35 25 22
(i) Sketch a scatter diagram of the data. 1]

(ii) Using the scatter diagram in part (i), explain which of the following three
models below is the most appropriate model for modelling the relationship
between d and t.

(I) t=ad+ bwherea <0,
ant= a(%) + b where a > 0, or

Nt = ae® + b where a < 0.
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State the equation of the regression line and the product moment correlation
coefficient for the model, leaving your answers correct to 3 decimal places. 4]
(iii)Use your equation of the regression line from part (ii) to estimate the duration
the diver can stay when he is 150 feet below sea level. Explain whether your
estimate is reliable. 2]
(iv) A distance of 1 metre is equivalent to 3.28 feet. Re-write your equation from
part (ii) so that it can be used to estimate the duration the diver can stay when he
is at depth, D metres, below sea level. 1]
(v) A new data pair (d’,t") is added to the data set given in Table A. If the product
moment correlation coefficient found in part (ii) does not change with the
addition of (d’,t"), find a possible (d’, t). [2]
(Q4 HC1/2022/P2/Q10)

5 | In a study to determine the relationship between the temperature 7 (measured in
degrees Celsius) and the altitude H (height above sea level, measured in metres) for a
certain mountain, a team of meteorologists ascended and descended the mountain on a
day with clear weather and obtained readings of 7 and H.

The table below shows the 10 readings obtained:

H 2300 | 2390 | 2626 | 2631 | 2700 | 3126 | 3131 | 3400 | 3450 | 3580
T 11.80 | 9.26 | 10.29 | 7.99 | 952 | 520 | 7.26 | 3.72 | 443 | 231

(a) On the same axes, sketch a scatter diagram of the data and draw the regression line

of T against H. [2]
(b) State the product moment correlation coefficient between T and H. Comment, in

context, on the value obtained. [2]
It was found that 5 of these 10 readings were recorded between 2 am and 5.30 am
when the team of meteorologists were ascending the mountain, while the other 5 were
recorded between 8 am and 11.30 am when they were descending. The routes used for
ascending and descending were the same. Between 5.30 am and 8 am, the

meteorologists remained on the summit.
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For these readings, the regression equation for ascending, corrected to 3 significant
figures, is
T = 23.1 — 0.00574H. The regression equation for descending is T = a + bH.
(c) Find, correct to 3 significant figures, the values of a and b. [2]
One of the meteorologists recorded the temperature near the foot of the mountain as 26
degrees Celsius.
(d) Determine whether it is suitable to use any of the regression equations above to
estimate the altitude of the foot of the mountain. 1]
A temperature of F degrees Fahrenheit is equivalent to a temperature of T degrees
Celsius, where
F=2T+32.
(e) The regression equation for ascending, T = 23.1 — 0.00574H can be written
in the form F = ¢ + dH, where ¢ and d are constants.
Find the values of ¢ and d. 2]
(f) Use the equation found in part (e) to estimate the temperature in degrees Fahrenheit
when the meteorologists were at an altitude of 2800 m while ascending. Give two

reasons why you would expect this estimate to be reliable. [3]

(Q5 RI/2023/P2/Q9)

6 | A website about electric motors gives information about the percentage efficiency of
motors depending on their power, measured in horsepower. Xian has copied the
following table for a particular type of electric motor, but he has copied one of the
efficiency values wrongly.

Power, x 1 1.5 2 3 5 7.5 | 10 | 20 30 | 40 50
Efficiency, y% | 72.5 | 82.5 | 84.0 | 87.4 | 87.5 | 88.5189.5]90.2 | 91.0 | 91.7 | 92.4

(i) Plot a scatter diagram on graph paper for these values, labelling the axes, using a
scale of 2 cm to represent 10% efficiency on the y-axis and an appropriate scale for
the x-axis. On your diagram, circle the point that Xian has copied wrongly. [2]
For parts (ii), (iii) and (iv) of this question you should exclude the point for which

Xian has copied the efficiency value wrongly.
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(i) Explain from your scatter diagram why the relationship between x and y should
not be modelled by an equation of the form y = ax + b. [1]

(iii)Suppose that the relationship between x and y is modelled by an equation of the

formy = 5 + d, where ¢ and d are constants.

State with a reason whether each of ¢ and d is positive or negative. [2]
(iv)Find the product moment correlation coefficient and the constants ¢ and d for the

model in part (iii). [3]
(v) Use the model y = i + d, with the values of ¢ and d found in part (iv),

to estimate the efficiency value (y) that Xian has copied wrongly.
Give two reasons why you would expect this estimate to be reliable. [3]
(Q6 N2016/P2/Q8)

7 | Abi and Bhani find the fuel consumption for a car driven at different constant speeds.
The table shows he fuel consumption, y kilometres per litre, for different constant
speeds, x kilometres per hour.

X 40 45 50 55 60

y 22 20 18 17 16

(i) Abi decides to model the data using the line y = 35 — gx.
(a) On the grid
e draw a scatter diagram of the data,
e draw the line y = 35 — gx [2]

(b) For a line of best fit y = f(x), the residual for a point (a, b) plotted on the
scatter diagram is the vertical distance between (a, f(a)) and (a, b). Mark the
residual for each point on your diagram. 1]
(c) Calculate the sum of the squares of the residuals for Abi's line. 1]
(d) Explain why, in general, the sum of the squares of the residuals rather than the
sum of the residuals is used. 1]
Bhani models the same data using a straight line passing through the points (40, 22) and
(55, 17).
The sum of the squares of the residuals for Bhani's line is 1.
(ii) State, with a reason, which of the two models, Abi's or Bhani's, gives a better fit.[1]
(iii) State the coordinates of the point that the least squares regression line must pass

through. 1]
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(iv)Use your calculator to find the equation of the least square’s regression line

of y on x. State the value of the product moment correlation coefficient. [3]
(v) Use the equation of the regression line to estimate the fuel consumption

when the speed is 30 kilometres per hour.

Explain whether you would expect this value to be reliable. 2]
(vi) Cerie performs a similar experiment on a different car.

She finds that the sum of the squares of the residuals for her line is 0.

What can you deduce about the data points in Cerie's experiment? 1]

(Q7 N2019/P2/Q10)

Maths Secrets Page 7



if Paradigm Specialising in O & A Level Mathematics

8 | A car company is selling Electric Vehicles (EVs). An EV is defined as a vehicle that
can be powered by an electric motor that draws electricity from a battery and is capable
of being charged from an external source. However, the state of health of the battery
degrades over time.

The age of battery x, in months, and the state of health of the battery y, in percentage,
for the EVs are given in the following table.

x 5 9 12 16 25 30 32 40 44 45

y 98 96 97 96 93 90 91 88 85 85

(a) Draw a sketch of the scatter diagram for the data, as shown on your calculator. [2]
(b) Find the equation of the regression line of y on x, in the form of y = mx + c,
giving the values of m and ¢ correct to 3 decimal places.
Sketch this line on your scatter diagram. [2]
(¢) Comment on whether it is reliable to estimate the state of health of the battery for
a 6-years old EV using the regression line found in (b). 1]
The company realises that a data set when the car battery is 19 months old has been
accidentally left out. After inserting the data set, it is found that the equation of
regression line of y on x is y = —0.345x + 100.771.
(d) Find the state of health of the battery for this data set, correct to the nearest
whole number. 131

(ASrJC/2023/P1/Q8 (H1 Math))
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(ii) Regression line of y on x is y = 49.7 — 3.09x
When x = 17,y = —2.8466 = —2.85
The linear model is not suitable since
1) the negative value of y is imposssible or
2) the scatter diagram shows a curved relationship between the two variables.
(iii) Product moment correlation coefficient between W and x = —0.997837 =
—0.998
(iv) Since x is the controlled variable, we use the regression line of Iny on x :

Iny = 43549 — 0.205532x [from GC]
When y = %(75),

we have InZ> = 4.3549 — 0.20532x

= x = 3.5581 = 3.6

The weight will drop to half its original value in 3.6 weeks.
The estimate is reliable since
1) The product moment correlation coefficient between In y and x is —0.998
which is very close to —1, showing a strong negative linear correlation

between Iny and x.
2) The estimate is an interpolation, because y = %(75) is in the data range 1.4 <
y < 60.9.
Q1
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2] () & (i)

60
50
40 .

30 —e
20
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0 » 5
0 10 20 30 40 50

Point P could be the result of a recording error or an instrument etrror.

(i) (a) 7 = —0.9258429505 = —0.926 (3s. f)

®,

. i | .(39.3,20)

(b) y = a — b In s may not be a good model as it seems to suggest that as
wind speed (x)
increases, ozone (y) will decrease and eventually be negative in value. This is
inappropriate as ozone level will never be negative in value. There is always

ozone present in the air.

(iv) Least square regression line of y on=: y = 129334195 + 2270608801
N

When s = 50,y = 17.486637 = 17.5 (3s.1)
The prediction is not reliable as s = 50 does not lie within the data range of the

wind speed (s). Hence, we are extrapolating.
(v) Using G.C, mean of = 0.0808 (3s.f)
mean of y = 31.3 (3s.f)
The least squares regression line of y on % intersects the least squares regression

line of < on y at (0.0808,31.3).

(vi) The regression line of § on y should not be used as y is not the independent

variable. It is the dependent variable.

Q2
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20500

20000 Xy
S 19500 »
£ 19000 X

K 18500 X
7:_3' 18000 X
17500 %

17000 X _Xx
40000 42000 44000 46000 48000 50000 52000
Total Greenhouse Gas Emissions (kilotonnes of CO2) (X)

From the GC, r = 0.90527 = 0.905 (3 sf)
From the scatter diagram, the points follow a curvilinear trend rather than a linear trend,
hence
Y = aX + b may not be the best model.
Solution
High positive linear correlation does not indicate causation; hence it is incorrect to state
that the deaths are a result of the greenhouse gas emission. Moreover, there are other
factors affecting the total deaths in Singapore.
Solution
From GC, v = 0.928 forY = aX* + b
r=0912 forlgY =aX +b
Since the product moment correlation coefficient for Y = aX* + b is closer to 1 as
compared to the one forIgY = aX + b,Y = aX* + b is the better model.
The Government has pledged that Singapore's greenhouse gas emissions will peak
around 2030 at the equivalent of 65 million tonnes of carbon dioxide.
Solution
The required equation is Y = 6.4326 x 10~16X* + 14911
When X = 65000, Y = 6.4326 x 10716(65000)* + 14911
= 26393.6
= 26400 (3 sf)
The estimate is not reliable as extrapolation is carried out where the linear correlation

outside the range of X,i.e. [41606, 51896] may not be valid.
(Q3)
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41 (a)
3y

The regression line of y on x is the line which minimizes the sum of squares of the
residuals in the vertical decoration, d;, i.e. ), diz, while the regression line of x on

y is the line which minimize the sum of square of the residuals in the horizontal

. . . 2
direction, e;, i.e. ). e;°.

L >
100 d /fget

(ii) The scatter diagram shows a decreasing, concave upward trend. Hence model

(IT) is a better fit for the data.
t t t

1 > d | » d | » d
I (I1) (111)
From GC,

t = 5767.446342 (%) — 37.61923382

ot = 5767.446 (%) ~31.619 (3dp)
r=0995 (3dp.)

(I) Decreasing, linear relationship

(IT)Non-linear, Decreasing and concave upwards trend

(ITIT) Non-linear, Decreasing and concave downwards trend

Since scatter diagram in (b)(i) shows a non-linear relationship between the 2
variables and the characteristics of the scatter plot shows that a decreasing and

concave upwards curve like in Model (II) will best model the relationship for

the 2 variables.
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(iii)When d = 150,

t = 5767.446342 (ﬁ) — 37.61923382

t =0.830 (3s.f)

The estimate is not reliable because d = 150 is outside the data range [50, 100].
(iv)lm=3.28ft = Dm =3.28D ft=d

~d=3.28D

1
3.28

t = 5767.446342 ( ) — 37.61923382

t="2-376 (3sf)

) From GC, (5,7) = (0.0141,43.7) (3s1)

= 0.0140939153

Q|

1
= 0.0140939153

S

d = 709526 = 71.0 (3s.f)

Q4
5] (a)
T
'y
11.804
2.31-
} —> I
2300 3580
[2]
(b) The product moment correlation coefficient between 7 and His r = —0.948 (3
s.f).

Since r is close to —1, there is a strong negative linear correlation between 7" and

H. The temperature decreases as the altitude increases. 2]
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(c) The readings taken during descending are
H 2300 2626 2700 3131 3450
T 11.80 10.29 9.52 7.26 4.43

From GC, a = 26.7 (3s.f.), b = —0.00633 (3 s.f.).
(d) None of the regression lines is suitable. This is because 26 degree Celsius is

outside the data range for 7. [1]
(e) F = %(23.1 —0.00574H) + 32

= 73.58 — 0.010332H

~c=7358 andd = —0.010332. [2]
() When H = 2800, F = 44.6504

The estimate is reliable because the value H = 2800 is within the data range of

2390 < H < 3580 and the product moment correlation coefficient r = —0.999 is

close to —1 indicating a strong negative linear correlation between F and H. 3]

Q35

NORMAL FLOAT AUTO REAL RADIAN MP n

0)

(3, 87.4) should be excluded
(ii) Scatter diagram does not display linear relationship, since as x increases, y

increases at a decreasing rate. Thus, it should not be modelled as an equation of the

formy = ax + b.
(iii)y = §+ d

All x and y values are positive, thus d > 0 to account for large values of x when
Cc

--0.
X

Values of y increases as x increase, so ¢ < 0.
n

NORMAL FLOAT AUTO REAL RADIAN MP

(iV) Lat)=1
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NORMAL FLOAT AUTO REAL RADIAN MP n

gy=a+bx
a=91.75010958
=-17.48360261
r2=,9595112926
r=-.9795464729

Product Moment Correlation Coefficient is —0.980 (3sf)
c=-—17.5 (3sf)and d = 91.8 (3sf)
(v) Value of y when x = 3115 85.922 = 85.9 (3sf)
r = —0.97955 is near —1 which suggest good fit of the model. Besides, the value
3 is within the given range of values of x, so we did not extrapolate the

information.

(Q6)

71 (@ (a) & (b)

22 ¢ (40,22)

21 + =35-—2x
(40,— Y 3

20 4 (45,20)

(45,20)
19 4
18 ¢
17 4

16
> 5 (60,15)

A i

0 we

(60,16)

n
T

t + t t » X
40 45 50 55 60
(¢) Sum of the residuals for Abi's line

= (22 - 63—5)2 + (20 — 20) + (18 - 53—5)2 + (17 - ?)2 + (16 — 15)2

2 2 2
ORE RCRE

(d) The residuals of the points on the scatter diagram are either positive, negative or
zero. If we take sum of the residuals, the positive and negative values will
cancel off and will not give a good indication of how much the points deviate
from the line. Hence the sum of the squares of the residuals is used so that the

contribution of all the residuals will be non-negative.
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(ii) Sum of squares for Abi's line = g > 1 which is the sum of squares of Bhani's line,

this indicates that the points in the scatter diagram lie closer to Bhani's line. So
Bhani's model is a better fit.
(iii) The least squares regression line passes through the point (x,y) i.e. (50,18.6).
(iv)Equation of the least squares regression line of y on x is given by y = 33.6 — 0.3x
The product moment correlation coefficient is r = 0.98479 = —0.985
(v) When x = 30, y = 33.6 — 0.3(30) = 24.6.
The fuel consumption is 24.6 km/litre.
Since x = 30 lies outside the data range of 40 < x < 60, so extrapolation is used.
Hence the value 24.6 is not reliable.
(vi) The sum of the squares of the residuals for Cerie's line is 0 means that all the points

on the scatter diagram lie on her line.

Q7

8 | (a) Solutions

"4
100 +

98
95

90 A

85

(b) Solutions

From G.C, y = —0.32363x + 100.24984
y = —0.324x 4+ 100.250 (3d.p.)
(c) Solutions

Estimation by extrapolation is not reliable as x = 48 is outside the data range of
x (5 <x<45)
(d) Solutions

Substitute x = % into the regression line y = —0.345x + 100.771
277

y = —0.345 (F) +100.771

y =92.08327
Let the state of health of the 19 months old battery be h.

— _ 919+h
o1

92.08327 =

h = 94 (nearest whole number)

919+h
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