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MUST KNOW QUESTIONS TO ACE
Binomial & Normal Distribution

Binomial Distribution

1

An archaeologist examines rocks to look for fossils. On average, 10% of the rocks
selected from a particular area with a large number of rocks contain fossils. The
archaeologist selects a random sample of 25 rocks from this area. The number of rocks
that contain fossils is denoted by X.

(i) Find the probability that more than 4 but at most 10 rocks contain fossils. [2]

P(X=k+1) _ 25—k
P(X=k)  9(k+1)’

(ii) Show that fork =0,1,2,3, ..., 24. Hence, by considering

P(X =k +1) > P(X = k), find the most probable value of X. [4]
The archaeologist explores a new area. On average, p% (p > 10) of the rocks in the
new area contain fossils. A random sample of 20 rocks from the new area is selected.
Given that the probability that there are two rocks that contain fossils is 0.17, find the
value of p, giving your answer correct to 2 decimal places. [3]

[Q1 YJC/2017/P2/QS8]

In a supermarket game, ten randomly selected shoppers are allowed I 5 minutes each to
search for mystery items hidden amongst the supermarket shelves. Each shopper is

allowed to find at most one mystery item. On average the probability that a shopper

will find a mystery item is % where 1 <p < 2.

(i) State, in the context of this question, an assumption needed to model the number
of shoppers who find a mystery item by a binomial distribution. 1]

Assume now that part (i) holds.

The probability that three of the ten shoppers find a mystery item is 175 (x/f - 1)7.

(ii) Find the value of p. [2]

The supermarket conducts this game n times.

(iii) Find the least value of n such that there is a probability of more than 0.01 that in
more than two of the games, three of the ten shoppers find a mystery item in a
game. [3]

[Q2 CJC/2018/P2/Q5]
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3 | A multiple-choice test consists of 12 questions and each question has 5 options for a
candidate to choose from. The candidate has to choose one option as the answer for
each question. For every question that a candidature answered correctly, the candidate
is awarded 1 mark. There are no marks awarded or deducted for wrong answers. Let X
denotes the number of marks a candidate score for the test.

(i) State an assumption on how a candidate decides which option to choose in order
for X to be modelled by a binomial distribution. Explain why this assumption is
necessary. [2]

Suppose the assumption stated in part (i) holds.

(ii) Find the most probable number of marks that a candidate will score in the test. [2]

(iii) A candidate found that he will score at most 5 marks. Find the probability that he
will score more than 4 marks. 2]

(iv) A candidate sat for n such tests (where n is large), with each test consisting of 12
questions and each question has 5 options. Determine the least value of n so that
the probability of obtaining a mean test score of at most 2.7 marks is 0.95. [2]

[Q3 RVHS/2019/P2/Q7]

4 | In an epidemic outbreak, an infectious disease spread through a population. It is
estimated that 5% of the population are infected. A quick test for the presence of the
disease was carried out on the population. An infected person tested positive 90% of
the time, while a non-infected person tested positive 6% of the time.
(i) Draw a probability tree diagram to represent the above scenario and find the
probability that the quick test is accurate. [2]
(i) Find the probability that a person is infected given that he tested positive. [2]
(iii) To increase the accuracy of identifying infected or non-infected people, a more
comprehensive but more costly laboratory confirmation test can be carried out.
Give one reason why you would recommend that people who tested positive on
the quick test be sent for the laboratory confirmation test. Justify your answer. [1]
State also, one drawback of selecting only the people who tested positive on the
quick test to be sent for the laboratory confirmation test. 1]
In another population, 5% of the population were confirmed to be infected. A sample

of 20 people were randomly chosen from this population.
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(iv) State one assumption needed for the number of infected people out of these 20
people to be well modelled by a binomial distribution, and hence find the
probability that there were fewer than 2 infected people out of these 20 people. [2]

(v) Find the probability that, for the 20 people chosen, there were more than 2

infected people and the first infected person was the tenth person chosen for the

sample. [3]
[4 ACJC/2020/P2/Q11]
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In a computer game, a bug moves from left to right through a network of connected
paths. The bug starts at S and, at each junction, randomly takes the left fork with
probability p or the right fork with probability q, where ¢ = 1 — p. The forks taken at
each junction are independent. The bug finishes its journey at one of the 9 endpoints
labelled A- I (see diagram).
(i) Show that the probability that the bug finishes its journey at D is 56p°q3. [2]
(i) Given that the probability that the bug finishes its journey at D is greater than the
probability that the bug finishes its journey at any one of the other endpoints, find
exactly the possible range of values of p. [4]
In another version of the game, the probability that, at each junction, the bug takes the
left fork is 0.9p, the probability that the bug takes the right fork is 0.9q and the
probability that the bug is swallowed up by a 'black hole' is 0.1.
(iii) Find the probability that, in this version of the game, the bug reaches one of the
endpoints A- I, without being swallowed up by a black hole. 1]
[Q5 N2018/P2/Q6]
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6 | A game is played using a counter on a board.

e  The counter starts from a point S at the bottom of the board and moves upwards
(see diagram).

e  When leaving S the counter is equally likely to move up to the left to junction L
or up to the right to junction R.

e  Atevery junction after S, the counter moves up to the left with probability p or up
to the right with probability q, where p + q = 1.

e  The counter eventually arrives at one of the endpoints A, B, C, D, E or F.

A B C D E F

(a) Show that the probability the counter arrives at B is 2p3q + %p‘*. 2]

Jon and Kath each play this game, and their counters both arrive at B.
(b) Find, in terms of p, a simplified fraction for the probability that Jon's and Kath's
counters followed exactly the same route. (4]
The probability that a counter arrives at B is the same as the probability that a counter
arrives at C.
(c¢) Find the value of p. [4]
[6 N2022/P2/Q9]
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Normal Distribution

1 | In the manufacture of child car seats, a resin made up of three ingredients is used. The
ingredients are polymer A, polymer B and an impact modifier. The resin is prepared in
batches and each ingredient is supplied by a separate feeder. The masses, in kg, of
polymer A, polymer B and the impact modifier in each batch of resin are assumed to be
normally distributed with means and standard deviations as shown in the table. The

three feeders are also assumed to operate independently of each other.

Mean Standard deviation
Polymer A 2030 44.8
Polymer B 1563 22.7
Impact modifier U o

It is known that 3% of the batches of resin have less than 1350 kg of impact modifier

and 30% of the batches of resin have more than 1414 kg of impact modifier.

(i) Show that u = 1400 and 0 = 26.6. [3]

(ii) Given that polymer A costs $2.20 per kg, polymer B costs $2.80 per kg and the
impact modifier costs $1.50 per kg, find the probability that the total cost of 2
batches of resin exceeds $22,000. (4]

(iii) A random sample of n batches of resin is chosen. If the probability that at most 6
batches o fresin has more than 1414 kg of impact modifier is less than 0.001, find
the least value of n. [3]

(iv) Each batch of resin is used to make a large number of car seats. It is found that the
tensile strength (N/m?) of resin for a car seat has mean 125 and standard deviation
17. A random sample of 50 car seats is selected. Find the probability that the

average tensile strength of resin for these 50 car seats is less than 130 N/m?.  [3]

[Q7 YJC/2017/P2/Q11]
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2 | In a certain country, heights of males and females follow independent normal
distributions. Heights of males have mean 175 c¢cm and standard deviation 10 cm, and
heights of females have mean u cm and standard deviation o cm.

(i) Ifthe proportion of females shorter than 143 cm and the proportion of females
taller than 183 cm are both equal to 0.01114, write down the value of p and show
that o is 8.75, correct to 3 significant figures. [3]

(ii) Iftwo females and one male are randomly chosen, find the probability that the
sum of the heights of the two females differ from twice the height of the male by
at least 30 cm. (4]

Flight attendants and fighter pilots have strict height requirements due to the nature of

their professions. The national carrier of the country has a minimum height

requirement of 155 cm and a maximum of 185 cm for female flight attendants. Its air
force has a minimum height requirement of 160 cm and a maximum of 192.5 cm for its
male fighter pilots.

(iii) Two females and one male are chosen at random. Find the probability that the
male meets fighter pilot height requirement whereas only one female meets the
female flight attendant height requirement. [3]

During a group interview conducted by the national carrier, all female candidates wear

standard shoes with 5 cm heels. A random sample of 15 female candidates is chosen.

(iv) Find the probability that the average height of the sample of female candidates
wearing standard shoes is greater than 170 cm. [3]

[Q8]

3 | An orchard produces apples and pears.

(i) The masses of apples produced by the orchard have mean 70 grams and standard
deviation 40 grams.
Explain why the masses of apples in the orchard are unlikely to be normally
distributed. 1]

(ii) The masses of pears produced by the orchard are normally distributed. It is known
that one-third of the pears produced weigh less than 148 grams, and one-third
weigh more than 230 grams. Find the mean and standard deviation of the masses

of pears produced in the orchard. [4]
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During each production period, the orchard produces 300 apples and 400 pears and the
owner is able to sell all the apples at $0.005 per gram and all the pears at $0.008 per
gram. It is further known that the owner needs to spend a fixed amount of $c as the
operating cost for each production period and that the orchard makes a profit 90% of
the time.
(iii) Explain why the total mass of the 300 apples is approximately normally
distributed. 1]
(iv) By letting R be the amount of money collected from selling the 300 apples and
400 pears, find the distribution of R and hence, determine the value of c. [6]

[Q9 RVHS/2019/P2/Q12]

4 | The Bacterial Filtration Efficiency (BFE), in percentages, of Brand A surgical masks
against the E. Coli bacteria is assumed to have the distribution N(y, 2). It is given that
the proportion of surgical masks having a BFE less than 95.70% is the same as the
proportion of the surgical masks having a BFE more than 95.78%.

(i) The probability that the BFE of a Brand A surgical mask is more than 95.78% is
0.0912. Find the values of p and 0. Leave your answers to 2 decimal places.  [3]

The BFE of Brand A surgical masks against the S. Aureus bacteria have the distribution

N(91.09, 0.082) while the BFE of Brand B surgical masks against the S. Aureus

bacteria have the distribution N(92.19, 0.032).

(ii) Given that the probability that the BFE of a randomly chosen Brand B surgical
mask differs from the sample mean BFE of n randomly chosen Brand A surgical
masks by at most 1.15% is at least 0.9405, find the least value of n. (4]

The masses in grams of a box of Brand A surgical masks have the distribution

N(203, 6?) while the masses in grams of a box of Brand B surgical masks have the

distribution N(203, 67).

(iii) Find the probability that three times the mass of a randomly chosen box of Brand
A surgical masks exceeds the total mass of 3 randomly chosen boxes of Brand B

surgical masks. You should state the parameters of any distributions that you use.

2]

[Q10 ACJC/2020/P2/Q9]
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5 | The continuous random variable X has the distribution N(u, 02).
It is known that P(X < k) = 0.2 and P(X < 7) = 0.8.
(i) Show that P(k < X < 7) = 0.6 and write down the value of P(u < X < 7). [2]

(ii) Express p in terms of k. 1]
You may use o2 = 12 for the rest of the question.

(iii) Show that p = 4.0845 correct to 4 decimal places. [3]
(iv) Find P(|X| < k). [2]

It is given that 2P(X < r) = 3P(X > r) for a certain constant, 7.

(v) Ten independent observations of X are randomly selected. Find the probability
that there are more observations of X with values greater than r than observations
of X with values less than r in the selection. (4]

[Q11 RI/2020/P2/Q9]

6 | A cafeteria installed a vending machine which dispenses two types of coffee into

disposable cups as follows:

(I) Black coffee, X ml, normally distributed with mean p; ml and standard deviation

11.83 ml, or

(I) White coffee, by first releasing a quantity of black coffee, Y ml, normally

distributed with mean p, ml and standard deviation 11.83 ml and then adding milk, M

ml, normally distributed with mean 35 ml and standard deviation 5.92 ml.

Given that P(X < 175) = P(Y > 150), show that yu; + u, = 325.

For the rest of this question, assume that ¢, = 180.

(i) Find the probability that the total volume of 2 randomly chosen cups of black
coffee exceeds twice the volume of a randomly chosen cup of white coffee by less
than 15 ml. State an assumption that is needed for your calculation to be valid. [4]

(ii) The black coffee is sold at $4 per cup while the white coffee is sold at $5 per cup.
The cost of ingredients for the black coffee is 1 cent per ml and the cost of
ingredients for the milk is 2 cents per ml. 100 cups of coffee are sold per day, n of
which are black coffee and the rest are white coffee. Find the largest value of n
such that the probability of the total profit earned per day exceeding $230 is at
least 0.8. (4]
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To boost the sales of coffee from the vending machine, if the volume of the coffee

dispensed falls below a certain level, the customer receives the drink free of charge. It

is given that p% of the customers who selected black coffee received the drink free of

charge.

From a large number of customers who selected black coffee, three customers are

chosen at random.

(iii) State, in terms of p, the probability that exactly one of the three customers
receives the drink free of charge. 1]

(iv) Given that the probability of exactly one of the three customers receiving the
drink free of charge is at most 0.1, find the range of values of p. [2]

[Q12 HC1/2022/P2/Q11]
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Solutions

1

®

(i)

Let X be the random variable 'number of rocks that contain fossils out of 25 rocks'
X~B(25,0.1)
PA<X<10)=PX <10)—-P(X <4)

= 0.0979819403

= 0.0980 (3 sig fig)

P(X=k+1)
P(X=k)

25ck+1 (0'1)k+1(0'9)25—k—1
25¢,(0.1)k(0.9)25-k
25!
_ (k+D!(25-k= )

__25! k 25—k
k!(ZS—k)!(Oll) (0'9)

_(25-Kk)(0.1)
T (k+1)(0.9)
25—k

= 5D fork=0,1,2,..,24

(0'1)k+1 (0'9)25—k—

(shown)
PX=k+1)>PX=k)

P(X=k+1) _ (25-k)
P(x=k)  9(k+1)

25—k >9k+9

10k < 16

k<16

= k=0orlforPX=k+1)>PX =k)

Since P(X = 2) > P(X = 1) > P(X = 0), most probable value of X = 2

>1

Let Y be the 'number of rocks that contain fossils out of 20 rocks in the new area'

Y~B (20, %)

P(Y =2) =0.17
Using g.c

L = 0.045473 or = = 0.1815827
100 100

Sincep > 10,p = 18.16 (2 d.p)
[Q1]
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2 | (@) The probability, % , of a shopper finding a mystery item is a constant for all

shoppers.
Or
The event where a shopper finds a mystery item is independent of all other
shoppers finding a mystery item.
(ii) Let X be the random variable denoting the number of shoppers who found a

mystery item out of 10 shoppers.
1
Then X~B(10,)

Given P(X = 3) = = (v2 - 1)’

¢, @3 (1- %)7 =CWz-1)
Bo-1=2wz-1)

p10
Hence, p = V2

Alternative Method — using graph
15 7
P(X=3)=—(V2—-1)

INORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP []
Plot2  Plot3 WINDOW
#\YiBbinomedf (10, 3, Xmin=-0.5
1bl:o d!0x3] oo
ny2873 (12-1) Xscl=1
\Y3=N Ymin=0
I\Y4= Ymax=0.1
\Ys= Yscl=1
IN\Ys= Xres=1
\Y?= oX=0.009469696969697
TraceSter=0.018939393939..

NORHAL FLOAT AUTO REAL RADIAN HP n
CALC INTERSECT
=
intorncﬂon

Yaz1S/d Q-7
=1.4142136 Y=0.0078452

Form GC, p = 1.4142136 or 22.303621
Since 0 < p < 2, hence p = 1.41 (to 3s.f)
(iii) Let Y be the random variable denoting the number of games where three shoppers

found a mystery item out 10 shoppers out of n games.

v~B(n2(v2-1)")
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P(Y>2)=1-P(Y <2)> 0.01

Using GC,
n 1-P(Y <£2)
56 0.0098
57 0.0103
58 0.0108

OR

Hence the least value of n is 57.

P(Y>2)=1-P(Y <2)> 001
P(Y < 2) < 0.99

Using GC.
n 1-P(Y <£2)
56 0.9902
57 0.9897
58 0.9892

Hence the least value of n is 57.

[Q2]
3 | (i) Assumption:

The candidature has no knowledge of which option is the correct answer and
chooses one of the options randomly/by guessing.
This assumption is important to ensure that the probability of choosing a
particular option is constant at 0.2.

(ii) Let X denotes the number of marks a candidate scores for the test, out of 12.
X~B(12,0.2)
P(X =1) =0.206
P(X =2)=0.283
P(X =3) =0.236
Mode of X is 2. Majority of the candidates will score 2 marks.

(iii) PX>4|1X<5)
_ PO=9)

X<5
Maths Secrets Page 12
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=0.0542 (3s.0)
(iv) Assuming n is large, by CLT,
X~N (2.4, %) approx.
P(X <2.7) > 0.95
n=>57,P(X < 2.7) = 0.94893 < 0.95
n = 58,P(X < 2.7) = 0.95041 < 0.95

Thus, least value of n is 58.

[Q3]
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(i) Let D denote the event that a person is infected.

Let P denote the event that the quick test shows a positive result.

090~ P
0.05_~ D »

. .
095N, 0.06_~ P

098N ,,

P(accurate test) = P(D N P) + P(D' N P")
= (0.05)(0.9) + (0.95)(0.94)
= 0.938

. __P(DNP)
i) P(DIP) =200
_ (0.05)(0.9)
= (0.05)(0.9)+(0.95)(0.06)

45 15
=— or—or 0441
102 34

(iii) From (ii), P(D|P) = 0.441, hence 55.9% of the people who tested positive are
actually not infected, which is quite a high probability of inaccuracy when the
quick test result is positive.

Thus, people who tested positively should be sent for the laboratory confirmation
test.

OR

From (ii), P(P) = (0.05)(0.9) + (0.95)(0.06) = 0.102, or 10.2%

of the total population. Hence a smaller proportion of the population will need to

be sent for the laboratory confirmation test, saving money.
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@iv)

\))

(vi)

OR

P(D'n P) = (0.95)(0.06) = 0.057;

P(D n P") = (0.05)(0.1) = 0.005

Since P(D' N P) > P(D N P"), there is likely to be a larger increase in the
proportion of the population with the correct diagnosis if the people who tested
positively were sent for the laboratory confirmation test.

The one drawback is that the infected people who tested negative on the quick
test will be omitted and may not be provided with adequate treatment.

Whether a randomly chosen person is infected is independent of whether other
selected people are infected.

The probability that a randomly chosen person is infected is constant at 0.05.
Let the random variable denote the number of infected people out of 20 people.
X~B(20,0.05)

PX<2)=PX<1)

=0.736

Let the random variable Y,,, denote the number of infected people out of n
people.

Y,~B(n,0.05)

P(> 2 infected and 1st infected was the tenth chosen)

= P(1st 9, 0 infected) x P(10th infected) X P(last 10, > 1 infected)
=P(Yy = 0) X (0.05) X P(Yyp > 1)

=P(Yy =0) x (0.05) X [1 = P(Y;p < 1)]

= 0.00271

Let the random variable W denote the number of samples with fewer than 2

infected people out of n samples.

W~B(n,P(X < 2)) = B(n,0.7358395)
P(W <5)>0.1
By GC,

NORMAL FLOAT AUTO REAL RADIAN MP
IPRESS + FOR aTb1

more accurate value
for p,
Y, if student used
0.736.

x
[}
0

Large value of n is 9.

[Q4]
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5 | (@) Note that for any path allowing the bug to move from S to D, the bug has to take
5 left forks and 3 right forks.
The required probability is 3Csp®q® = 56p°q3.
(i) This is a binomial distribution in disguise.
Let X = no. of left forks out of 8. (the rest will be right forks)
X~B(8,p)
We want 8Csp®q® = P(X = 5) to be the largest, so
PX=0<PX=1)..<PX=4)<PX=5>PX=6)=2PX=7)2=
P(X =8)
PX=4)<P(X=)5) and P(X=5)>PX =6)
‘Gp*et < 2Csp°q? 8Csp°q® > %Cep®q?
70q < 56p 56q > 28p
70(1 —p) < 56p 56(1 —p) > 28p
p>7 p<:
Thus, 2 <p <>
(iii) 0.98 = 0.430 (3 s.f)
Q5]
6 | (a) Note that it takes 5 moves from S to one of A,B,C,D,E or F.

Let X = number of left moves after first move. X~B(4, p)
(first move has probability '% to move left or right)
P(counter arrives at B)

= P (first moveis Land X = 3) + P (first moveisRand X = 4)
= P(X =3)+-P(X = 4)
=-Xx 4Cplq+sx *Cpt

1
=2p°q +5p"
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(b) 5 routes in total
Both taking Right = Left = Left = Left = Left has probability

2
1. 4\" _1_ 3
(2 p ) =3P
There are 4 routes where Both take Left on first move follow by another same 3

left and one right moves subsequently has probability
13\ _ 62
4 X (;p q) =p°q
Sum of above
_1 3 6.2
=P *tprq
1
=3P +p°(1-p)*
1
=.p®+p°(1—2p +p?)
= ~pS(p? +4 — 8p + 4p?)
1
=.p°(5p® —8p +4)
Required probability

_ p°(5p?-8p+4) _ p°(5p*-8p+4) _ s5p?-gp+a

(ra)

%p6(4q+p)2 (4—3p)?

P(counter arrives at C)

= ~P(X =2) +5P(X = 3)

=X Gt 45X ‘Capig

=3p*q® + 2p°q

3p%q? + 2p°q = 2p*q +5p*

3p2q? — %p“ =0

3q2(1—p)? —5p* =0

Sincep # 0,p = 0.710

[Q6]
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7 | (@) LetX bethe random variable 'amount (in kg) of impact modifier in a batch of
resin'
X~N(u,0%)
P(X < 1350) = 0.03
1350—-p\ _
P(z <=2%) =003

1350—

= —1.88079361

1 — 1.880793610 = 1350 — —(1)
P(X > 1414) = 0.3

P(Z<#)=O.7

——— = 0.5244005101

i+ 0.52440051010 = 1414 — — — (2)
Solve (1) and (2),

1 = 1400.046 = 1400 (shown)

o = 26.609 = 26.6 (shown)

(ii) Let Y be the random variable 'amount (in kg) of Polymer A in a batch of resin'
Let W be the random variable 'amount (in kg) of Polymer B in a batch of resin'
Y~N(2030,44.8%), W~N(156,22.7%)

Total cost of a batch,

T = 2.20Y + 2.80W + 1.50X~N(10942.4,15345.9572)
Total cost of 2 batches,

T, + T,~N(21884.8,30715.9144)

P(T, + T, > 22000) = 0.255 (3.s.f)

(iii) Let H be the r.v. ‘number of batches of resin with more than 1414 kg of impact
modifier out of n batches.’
H~B(n,0.3)

P(H <£6) < 0.001

Using GC.

When n = 53,

P(H <£6) =0.00120 > 0.001
When n = 54,

P(H < 6) =9.44 x 10~* > 0.001
Therefore, least n = 54
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@iv)

Let S be the r.v. ‘tensile strength (in N/m?) of resin in a car seat’

E(S) = 125,Var(S) = 172

S14Sy+..4Ss0
50

S =
= 172 o
S~N (125, 3) approx by Central Limit THM

P(S < 130) = 0.981 (3s.f)
[Q7]

(i)

(iii)

@iv)

Let M and F be the random variable the height of a random female and male
respectively.

Then M~N(175,10%) and F~N(u,c?)

Given P(F < 143) = 0.01114

and P(F < 183) = 0.98886

Since P(F > 183) =1 —0.98886 = 0.01114

183+143

Hence by symmetry. u = =163

Using P(F < 143) = 0.01114

143-163 _

= —2.285560213

o = 8.750589849 =~ 8.75

Fy +F, —2M~N(2 x 163 — 2 x 175, 2 x 8.75% + 22 x 102)
F, + F, — 2M~N(—24,553.125)

P(|F, + F, — 2M|) > 30
=1-P(-30 < F, + F, — 2M < 30)

=0.4101527381

~ 0.410

Probability

=P(155 < F <185) X [1 —P(155 < F < 185)] x 2 x P(160 < M < 192.5)
= 0.2707250364

0.271

Q

Let X be the random variable denoting height of a random female candidate
wearing standard shoes.
SoX = F+5

Since F is normally distributed,

then ¥~N (163 +5, 817—552)
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P(X >170) = 0.1880099665 =~ 0.188
Alternative solution 1

X=F+5=X=F+5

F~N(163,2%)

P(X > 170) = P(F > 165) = 0.1880099665 ~ 0.188
Alternative solution 2

F, + F,+...+F;5s~N(15 x 163,15 X 8.7505898492)
F, + F,+...+F5~N(2445,1148.592341)

P (F1+F2+...+F15+1 X5
15

> 170)

= P(F, + F,+... +F;5 > 2475)

= 0.1880260552 ~ 0.188

Alternative solution 3

Fy + F,+...+F;5s + 15 X 5 ~N(15 X 163 + 75,15 x 8.7505898492 )
Fy + Fy+...+F;5 + 75~N(2520,1148.592341)

P(F; + Fo+...+F;5 + 15X 5> 170 x 15)

= P(F, + F,+...+F;5 + 75 > 2550)

= 0.1880260552 ~ 0.188

[Q8]

(i)

Let A be the mass of a randomly chosen apple.

Suppose A~N(70,402)

Then P(A < 0) = 0.0401 (3 s.f.), but it’s impossible for apples to have negative
mass, so the probability should be much closer to 0.

Hence, the normal distribution is not a suitable distribution for the masses of
apples.

Let Y be the mass of a pear. Let u be the mean mass of the pears, and o2 be the
variance in the mass of the pears. Y ~N(u, %)

Given,

P(Y < 148) = P(Y > 230) =~

148+230

=189

By symmetry, u =

Y-189

g

P(Y < 148) = ;

LetZ =

~N(0,1)
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(iii)

@iv)

(<)
From GC,

—-41

— = —0.430727
g

o = 95.18783606

o0 =952g (3s.f)

Let T4 be the total mass of the 300 apples.

Then T, = Ay + Ay+... +A300 and

T,~N(300 X 70,300 x 402) approx. by the Central Limit Theorem (CLT) as
n = 300 is large.

Similarly, by letting T be the total mass of the 400 pears, we have
Tp~N(400 x 189,400 x 9060.724134)

So, we have T;~N(21000,480000) and T»~N(75600,3624289.654)
Thus, we have R = 0.005 T, + 0.008 Tp and

R~N(0.005 x 21000 + 0.008 x 75600, 0.005% x 480000 + 0.0082 x
3624289.654)

or R~N(709.8, 243.9545379)

Since c is the running cost of the orchard, P(R > c¢) = 0.9

From GC, ¢ = 689.7833896

Therefore, the cost of running the orchard is $689.78 (2 d.p)

Note: In accounting terms, the amount of money collected from sales in a

business, is referred to as the revenue.

[Q9]

10

®

Let random variable A be the BFE of Brand A mask.
Since P(A4 < 95.7) = P(4 > 95.78),

— 95.7+95.7 — 95.74

P(A < 95.7) = 0.0912

95.7-95.7
o

P (Z > ) = 0.0912

—00t  _1.333401746

o =0.0299984608 = 0.03 (2d.p)

Maths Secrets

Page 21



%f Paradigm Specialising in O & A Level Mathematics

(ii) Let random variable B be the BFE of Brand B mask
B~N(92.19,0.03%)
A~N(91.09,0.082)

A~N(92.19, ‘”:l—sz)
B — A~N(1.1,003% + %82)

P(|B — A| < 1.15) > 0.9405
P(-1.15 < B — A < 1.15) = 0.9405

this question.

P ﬁszsﬁ > 0.9405
Using GC,
n P(|B — A] < 1.15)
49 0.9403
50 0.9406
51 0.9408
~Leastn =50
(iii) X~N(203.02) Y~N(203.07

3X — [Y + Y, + Y5]~N(0,962 + 352)
PBX>Y,+ Y, +Y) =PBX [V, + Y, + ¥3] > 0)

Note: It is not necessary to carry out standardisation (as shown below) to solve

=0.5
[Q10]
11 Pk<X<7)=PX<7)—PX<k)=08-0.2=0.6 (shown)
Plu<X<7)=03 2]
(ii) SinceP(k<X<7)=Pu<X<7)=023,
by symmetry u = % [1]
_ 7oK _
(iii) P(X < 7) = 0.8 = P(z < m) =0.8
7-u
Therefore Wrim 0.8416 (4 d.p)
7-u _
Vv 0.8416 = u = 4.0845 2]
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(iv) k=2u—-7=1.169

P(|X| < k)=0.135 (3s.0) [3]
(v) 2P(X<r)=3PX>1r)

>PX>71)=04

Let Y be the number of observations out of 10 with values greater than r.

Y~B(10,0.4)
P(Y>6)=1-P(Y <5)=0.166 (3s.f) [4]
[Q11]

12

X~N(uq,11.832), Y~N(u,,11.83%)
Given that P(X < 175) = P(Y > 150),

175- 150—
P(Z <—“1) = P(Z >—“2)
11.83 11.83
175- 1 _ 150—pu,
11.83 11.83

175 —puy = =150 + p,
S Uq + py =175 4+ 150
= 325

By symmetry,

My 175 150 Ha
175 —puy = =150 + p,
S+, =175+ 150
=325
(i) X, +X, —2(Y + M)~N(2(180) — 2(180), 2(11.83%) + 2%(174.9953))
ie. Xy + X, —2(Y + M)~N(0,979.879)
P(0 < X;+ X, —2Y <15) =0.184 (3s.9)
Assume that the volumes of each cup of black coffee and milk added from the
vending machine are (i.e. X1, X,,Y and M ) independent of one another.
(i) X~N(180,11.83%),Y~N(145,11.832), M~N(35,5.922)
B = Cost Price of 1 cup of Black Coffee = 0.01X
W = Cost Price of 1 cup of White Coffee = 0.01Y + 0.02M
B~N(1.8,0.1399489) ,
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E(Pp)

W =0.01Y + 0.02M~N(2.15,0.02801345)

Since n cups of black coffee are sold per day, (100 — n) cups of white coffee are
sold per day.
Let Ps be profit for black coffee, and P, be profit for white coffee and 7 be the
total profit per day.

Pg =4n —(B; + B,+...+B,)

=2.2n

Var(Ps) = 0.012(11.83%)n

= 0.01399489n

E(Py) = 5(100 — n) — 2.15(100 — n) = 285 — 2.85n
Var(P,) = (100 — n)0.02801345

T~N(285 — 0.65n, 2.801345 — 0.01401856n)
P(T >230)> 038

n P(T > 230)
81 0.9657
82 0.907
83 0.794

100

A

y

Therefore, largest number of cups of black coffee sold per day is 82.
(iii) Let F be the number of customers selecting regular black coffee receives the

drink free of charge.

F~B (3, i)

100

PF=1)=3 (%) (1- %)
(iv) 3 (l

)(1 —1%)2 <01

y=PX=1)

3.58589 79.526968 p

0<p<358 or 79.6 <p <100 (3s.)

[Q12]
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