if Paradigm Specialising in O & A Level Mathematics

MUST KNOW QUESTIONS TO ACE
Probability

Word Problems

1

[Q1 DHS/2023/P2/Q7]

In a supermarket lucky draw, a participant will first spin a wheel, followed by throwing
a fair six sided die.

The wheel has 9 sections and an arrow which has an equal chance of coming to rest
over any of the 9 sections. The wheel has one section labelled "$100", three sections

labelled "$4" and five sections labelled "$1" (see diagram).

ey

The fair six-sided die has two faces labelled "0.02", three faces labelled "0.5" and one

face labelled "2".

The amount of money that the participant wins is calculated by taking the

multiplication of the outcomes of the wheel and die.

(a) Find the probability that a participant wins $2. 2]

(b) If a participant wins $2, find the probability that the wheel came to rest over
"$100. [1]

(c) A participant plays three consecutive lucky draws. Find the probability that a
participant wins $6 in total, such that the die shows a different face value each
time. 2]

(d) Another participant plays one lucky draw. He is now given an option to either end
the game by taking the amount based on the section that the wheel came to rest
over, or to proceed to throw the die. Explain, with justification, which option

should he take. 1]
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2 [ [Q2 HC1/2023/P2/QY]

Players A and B play against each other in a racquet match consisting of at most 3 sets.

Each set is won by either Player A or B, and the match is won by the first person to
win two sets. Player A has a probability of %k , where a is a real positive constant, of
winning at the kth set where k = 1, 2, 3.

(a) (i) Show that the probability that player A will win the match

. —a3+18a?%-59
is = 2 S [3]
256

(ii) Find all the values of a for the two players to have an equal chance of

winning. Hence explain why only one value is suitable in this context. 13]
(b) Given that a = 7 and player A wins the match, find the probability

that player A wins the second set. 2]

3 | [Q3 NYJC/P2/Q6]

In a funfair, a vendor sells lucky draw tickets at $1 per ticket. He accepts payment
using $1 or $2 notes only. In the queue for tickets, there are m people each paying with
a single $1 note and n people each paying with a single $2 note. Each person in the
queue wants to buy a single ticket and each arrangement of people in the queue is
equally likely to occur. Initially, the vendor has no money but a large supply of tickets.

The vendor will stop selling tickets if he cannot give the required change.

(a) Inthecaseof m > 1andn = 1, find the probability that the vendor can
sell one ticket to each person in the queue. [2]
(b) By considering the first three people in the queue in the case of m = 2 and n = 2,
(i) show that the probability that the vendor is able to sell one ticket to each
m-1

person in the queue is — 3]

(ii) find the probability that the vendor is unable to sell any ticket to the third
person, given that the vendor is unable to sell tickets to the first three

people in the queue. 3]
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4 | [Q4 RVHS/2023/P2/Q8]

A blind box series named MathBots includes 4 bots and 4 number sets as accessories

Specialising in O & A Level Mathematics

for the bots. Bots are named a, § and y with w as the special character bot. The number
sets are R, Z, Q, and N. Each box of the series contains one of the bots and one of the
number sets.

The data in the table below shows the probabilities of getting boxes with the specified

contents.
R Z Q N
a 1/8 1/8 0 1/20
I 0 1 8 1 8 i 20
1 g 0 s Y20
® 0 0 0 1o

(For example, there is a 1 / 10 Probability that a randomly chosen box contains w and
N.)
A collector randomly chooses 4 boxes for purchase.
(i) Show that the probability of the collector getting all the bots and number

sets is %. 2]
(ii) Find the probability that the collector gets all the bots given he manages to get all

the numbers sets. [3]

(iii) Determine if the event that he gets all the bots and the event that he gets all the

number sets are independent. 2]
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5 | [Q5 N2019/P2/Q8]

numbers of each character and colour are shown in the table.

Gerri collects characters given away in packets of breakfast cereal. There are four
different characters: Horse, Rider, Dog and Bird. Each character is made in four

different colours: Orange, Yellow, Green and White. Gerri has collected 56 items; the

Orange | Yellow Green White
Horse 1 1 3 4
Rider 1 1 7 5
Dog 3 7 1 6
Bird 4 5 6 1

(i) Gerri puts all the items in a bag and chooses one item at random.

(a) Find the probability that this item is either a Horse or a Rider.

White.

(a) Find the probability that both of the items are Horses, but neither of
the items is Orange.
(b) Find the probability that Gerri's two items include exactly one Dog and

exactly one item that is Yellow.

The probability of choosing these two at random from the 56 items is % .

Write down all the possibilities for Gerri's two favourite colour/character

combinations.

(b) Find the probability that this item is either a Dog or a Bird but the item is not

(i) Gerri now puts the item back in the bag and chooses two items at random.

(iii) Gerri has two favourites among the 16 possible colour/character combinations.

1]

1]

(1]

3]

3]
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6 | [Q6 N2020/P2/Q6]

In this question, you should assume that 7, W and D follow independent normal
distributions. James leaves home to go to work at T minutes past 8 am each day, where
T follows the distribution N (5, 1.2%).
(i) Sketch this distribution for the period from 8 am to 8.10 am. 2]
(i) Find the probability that, on a randomly chosen day, James leaves for work later
than 8.06 am. 1]
When the weather is fine, James walks to work. The time, W minutes, he takes to walk
to work follows the distribution N (21, 32). James is supposed to start work at 8.30 am.
(iii) Find the probability that, on a randomly chosen day when James walks, he is late
for work. 2]
When the weather is not fine, James drives to work. He still leaves at T minutes past 8
am each day; the time, D minutes, he takes to drive to work follows the distribution N
(19.6%).
On average, the weather is fine on 70% of mornings.
(iv) One day, James is late for work. Find the probability that the weather is
fine that day. [5]
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Venn Diagrams

1 | [Q7 EJC/2023/P2/Q6]
For the events A4, B and C it is given that P(A) = P(AN B) = gand P(B) = 2P(A). It
is also given that P(B N C) = %.
(a) Find the greatest and least possible values of P(A N C). [4]
(b) Draw a Venn diagram showing all 3 events representing the case where
the value of P(A4 N C) is the greatest. 1]
It is now known that P(A' N B' N C") = é
(¢) If A and C are independent events, calculate the value of P(A N C) [2]
2 | [Q8 JPJC/2023/P2/Q8]
The events A and B are such that P(A) = a and P(B) = b. A and B are mutually
exclusive events.
(i) Find an expression for P(4' n B"). (1]
(ii) Draw a Venn diagram to illustrate the case where A’ and B’ are also mutual
exclusive events. Hence, state an equation relating a and b. [2]
For the rest of the question, A" and B’ are not mutually exclusive events. The event C is
such that P(C) = c. A and C are independent events. It is also given that a = 0.2, b =
0.3and P(BNC) = 0.14.
(iii) Find an expression for P(AU B U (). 2]
(iv) Find an expression for P(A' N B’ N C) [1]
(v) Use your answers to part (iii) and (iv) to find the range of values of c. 2]
3 | [Q9 R1/2023/P2/Q7]
For two independent events A and B, it is given that P(A) = a and P(B) = b.
(a) Show that A’ and B’ are independent events. 2]
It is given that P(AU B) = 0.7 and b = 0.5.
(b) Show that a = 0.4. [2]
For a third event C, it is given that P(C) = 0.3 and events A and C are independent.
(¢) Ifevents B and C are mutually exclusive, find P(A"'n B’ n C"). [2]
(d) Ifevents B and C are not mutually exclusive, find the greatest possible value of
P(A'n B' n C"), showing your working clearly. [3]
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4 | [Q10 N2013/P2/Q8]
For events A and B it is given that P(A) = 0.7, P(B | A") = 0.8 and P(4 |B") = 0.88.

Find

(a) P(BnA. [1]
() P(4A'nB). 2]
(¢©) P(ANB). 3]

5 | [Q11 N2018/P2/Q7]

The events A, B and C are such that P(A) = a, P(B) = b and P(C) = c. A and B are

independent events. A and C are mutually exclusive events.

(i) Find an expression for P(A’ N B") and hence prove that A’ and B’ are
independent events. [2]

(i) Find an expression for P(A' N C"). Draw a Venn diagram to illustrate the case
when A’ and C’ are also mutually exclusive events. (You should not show

event B on your diagram.) [2]

You are now given that A’ and C’ are not mutually exclusive, P(A) = é, P(BNC) = é

and P(A' N B'NC") = —.

(iii) Find exactly the maximum and minimum possible values of P(4 N B). [4]
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Solutions
1 | [Q1]
(a) Probability
_1.2,.33,51
96 96 9 6
_16_8
T 54 27

(b) Probability

O | =
o | v

E

_ 1
8

N
~

(¢) To win $6 in total for 3 games, each game he must win $2.

Probability
:i.gxi.ixi.lx3l
969 6 9 6
540
T 157464
5
=T OF 0.00343 (3s.1)

(d) The participant should end the game by taking the first option because if he
proceeds to throw the die, there is only a one-sixth chance that he will take home
a higher amount.
OR
2 (0.02) + % (0.5) + % (2) = 0.59
For the throw of die, the expected factor is 0.59 which is less than 1. This means
that the participant is unlikely to take home a higher amount if he were to proceed

to throw the die.

[Q2]
() ()P (A Wins)

-F)E)EEIEEIEE)

a?-3a+2 " —a®+14a?%-43a+30 " —a3+14a?%-51a+

82 83 83
_ 8a’-24a+16 n —2a3+28a%-94+8
h 83 83

_ —2a%+36a%-118a+100
B 512

—a®+18a%-59a+50
- 256
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(ii) For the match to be fair,

—a®+18a%-59a
256

a®—18a?—-59a+78=0
From the GC, a = —1,6 or 13

1
2

a==6

Since a > 0, we reject a = —1.

Whena =13,fork =1,2,3,wehave 10 < a —k <12
0otk 12

8 8 8

Since probability > 1, we reject a = 13.
Whena =6, fork =1,2,3,wehave 3 <a—k <5.

518%5%s
- 176
256
35
=-.=0795(3s.f)

3 11Q3]
(@

(b)

st — ;
P(1% person has $2 note) = —

-~ Required prob =1 — -

m+1
=_m
_m+1
()
2
m+ 2 $2
2
m+1 $2
m
m+2 $1
m—1
m+1 $1
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Method 1

. m m-1 m 2 m-—1
Required prob = X + X X
m+2 m+1 m+2 m+1 m

_ m%+m-2

T (m+1)(m+2)

__ (m-1)(m+2)

T (m+1)(m+2)
m-—1

= il (ShOWIl)

Method 2 (Complement)
Required prob = 1 — P($2) — P($1, $2,$2)
_q__2 _(m 2 xi)
m+2 m+2 m+1 m
_ m%+m-2
T (m+2)(m+1)

_ (m+2)(m-1)
T (m+2)(m+1)

_ m-1

T m+1

(ii) P(Vendor unable to sell tickets to the first three people in the queue)

m—1

m+1
2

T om+1

P($1,$2,$2) = ——x 2 x 2

1
m+1 . om  (m+2)(m+1)

2
(m+2)(m+1) __ 1
2

—_ m+2
m+1

=~ Required prob =

4 11Q4]
(i) P(Getall Bots N Getall number sets)
= P(box contain ¢ and R) X P(box contain § and Z)
X P(box contain y and Q) X P(box contain w and N)
+P(box contain a and Z) X P(box contain  and Q)

X P(box contain y and R) X P(box contain w and N)

- (xixdxd) s Grdede)n

24

T 2560

3
=% (shown)
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(ii) P(Get all Bots | Get all number sets)

__ P(Getall Bots n Get all number sets)
- P(Get all number sets)

3

320
T 1_1_1_,,
=X=X=X=X4!
4747472

1
10

(iii) P(Get all Bots)= 0.3 X 0.3 x 0.3 x 0.1 x 4!
= 0.0648
# 0.1
= P(Get all Bots|Get all number sets)
The event that he gets all the bots and the event that he get all the number sets are
not independent.

OR

P(Get all Bots N Get all number sets) = %

P(Get all bots) X P(Get all number sets)
= (0.33 x 0.1 x (41) (414 (4!)) = 0.006048

P(Get all Bots N Get all number sets)
# P(Get all bots) X P(Get all number sets)
The event that he gets all the bots and the event that he get all the number sets are

not independent.
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5 | Q5]
Orange Yellow Green White Total
Horse 1 1 3 4 9
Rider 1 1 7 5 14
Dog 3 7 1 6 17
Bird 4 5 6 1 16
Total 9 14 17 16 56
. 9+14 _ 23
D @ — =
17+16-7 _ 13
(b) 56 28
. 8x7 1
(i) (a) ssiss 55

(b) Case 1: Dog is yellow, the other item is a non-yellow Horse/Rider/Bird

Probability = X 2= x 2

Case I: Dog is not yellow, the other item is a yellow Horse/Rider/Bird
Probability = — X — X 2
56 55

Required probability = 5—76 X % X2+ g X % X2 = %

mn%x%xZ:%
where a, b refer to the number of his first and second favourites
~ab=20=1%x20o0r2x10 or 4x5
Reference to the table, only 4,5 is possible

Thus, possible combinations are as follows

4 5
White Horse White Rider
White Horse Yellow Bird
Orange Bird White Rider
Orange Bird Yellow Bird

Maths Secrets
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6 | [Q6]

8am 8.10 am
8.05 am

®

(i) P(T >6) =0.202

(iii) T+ W~N(5+ 21,1.22 + 32) = N(26,10.44)
P(T+W > 30) = 0.108

(iv) T + D~N(24,37.44)
P(Day is fine | James is late)

__ P(Day is fine AND James is late)
- P(James is late)

_ 0.7XP(T+W>3 )
T 0.7XP(T+W>3 )+0.3XP(T+D>3 )

= 0.606
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Venn Diagrams

1 | [Q7]
(@) LetP(ANC) =

P(AnC’):i—x

P(A’anC):f—O—x

%

E—x>0 and 2 x>0 and x——>0

1

Greatest value of P(AN C) = :

Least value of P(ANC) = %

(b)

© PA)=:

P(B’nC):l—%—ZG)

31
60
49

31 3
PO=G* %"

For A and C to be independent,

49 _ 49

P(ANC) =P(4) xP(C) =§>< 60 300
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2 | 1Q8]
®

(i)

(iii)

@v)

\))

P(ANB)=1-P(A) —P(B)=1—a—b

or a b

If A’ and B’ are mutually exclusive events, then P(A'NB)=1—a—b =0
a+b=1

Since A and C are independent events, P(A N C] = ac
=P(A)+P(B)+P({C)—PANC)—P(BNC
=a+b+c—ac—0.14
=024+03+c—-02c—-0.14

=0.36 + 0.8¢

P(A'NnB'NC)

=P(AUBUC)—-P(A) —P(B)
=0.36+0.8c—0.2—-0.3

=0.8c—-0.14

OR

P(A'NnB'NC)
=P(C)—PANnC)—-P(BNC)
=c—ac—0.14

=c¢—0.2c—-0.14

=0.8c—0.14
P(AUBUC(C)=036+08c<1

0.8¢c < 0.64

c<08

and
PAANB'NC)=08c—-014=>0
0.8¢ > 0.14

c>0.175
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9 11Q9]

(@

(b)

©

Given that A and B are independent events,
P(ANnB) =P(A)P(B) =ab
Since P(A'NB’) =1—-P(AUB)

=1-[P(4) + P(B) —P(ANB)]

=1-—[a+b—ab]

=(1-a)(1-b)

= P(4")P(B)
~ A’ and B’ are independent events, (shown)
P(AUB) =0.7
P(4A) + P(B)—P(ANnB) =0.7
a+b—ab=0.7
a+0.5-0.5a=0.7

0.5a = 0.2
a = 0.4 (shown)

Given P(4) = 0.4,P(B) = 0.5,P(C) = 0.3
Since A and B are independent events, P(A N B) = 0.4 X 0.5 = 0.2
Since A and C are independent events, P(AN C) = 0.4 X 0.3 = 0.12

Events B and C are mutually exclusive:
A
c 0.08 B

P(ANB NCY=1—-P(A)—0.18—03=1—04—0.18—0.3 = 0.12

2]

2]

2]
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Events B and C are mutually exclusive:

(d) Given P(A) = 0.4,P(B) =0.5,P(C) =0.3
Since A and B are independent events, P(AN B) = 0.4 X 0.5 = 0.2
Since A and C are independent events, P(AN C) = 0.4 X 0.3 = 0.12

=12

PANC) A

P(ANB)

OR:

Max P(A'NnB'NnC")
=1-P(AUBUC)

=1-P(AUB)
=1-07
=03

P(A'NB'NnC)Y=1-P(AUBUC)

PANB NC)=1-P(A)—0.18— (03 —x) =012 +x
Since probabilities are all non-negative, 0 < x < 0.18.

When x is greates, i.e when x = 0.18,P(4" N B’ N C") is greatest.
- greatest possible value of P(A'Nn B’ N ") is 0.12 + 0.18 = 0.3.

are not mutually exclusive, we need to have C € A U B (see diagram below).

A

To maximize P(A' N B’ N C"), we need to minimize P(4A U B U (). Since B and C

[3]
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10

[Q10]

G) P(B|A) = % = P(BNA') =P(B|A)P(A)
— (0.8)(1 - 0.7)
— 024

(i) Wehave P(AUB) = P(B NA") + P(4) = 0.24 + 0.7 = 0.94, so
P(ANB)=1-P(AUB)=1-0.94=0.06

(iii) P(A|B) = % =0.88 = P(ANB')=0.88P(B")
Therefore
P(AUB) —P(B) = 0.88[1 — P(B)]
PRy = 20 _ g5
This gives
P(AnB) =P(A)+P(B) —P(AUB)
=0.7+0.5—-0.94 = 0.26.
11| [Q11]

i) P(A) =a P(B)=b, P(C)=c
P(AANnB")=1—-P(AUB)
=1-P(A)—P(B)+P(ANB)
=1—-a—b+ab
Since A and B are independent, so P(A N B) = P(A)P(B)
=1—-a—-b(1l—-0a)
=(1-a)(1-b)
= P(A")P(B")

Thus, A’ and B’ are independent.

(ii) PA'NC')Y=1-P(AUC)
=1-P(A)—P(C)+PANC)
=1l-a-c
Since A and C are mutually exclusive, so P(AN C) =0
Below is a possible venn diagram where
(AuC)=QwithA'=CandC' =A
ANnC=CnA=¢

A C
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Note that if A’ and C’ are mutually exclusive,
P(A'NnCH=0
l1—-a—c=0
P(A)+P(C) =1
Note also
CNA=¢
= CCcA (1)
ANnC =¢
=Ac()Y=C (2
(D, 2 A'=cC
2 1 P
P(A) _E,P(BnC) _E,P(A NB'NnC") = m
P(ANC)=2-c
(iii) P(4'NB'NC) ==
= 1-P(AUBUC) =1—10
= 1-PAUBUC) == (1)
P(ANB) = ab( A, B are independent)
2
=b - (2)
Method 1

Maximum value of P(A N B) occurs when bis maximum b and ¢ is minimum, ie

A B C

when C C B.

9

P(AUBUC) =P(A)+P(B)—P(ANB)==+b—2h ==

~0-20)-:
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So maximum value of P(A N B) = %(2) =

1
3

Minimum value of P(A N B) occurs when b is minimum and ¢ is maximum,

iewhenBN(A'NnC") = ¢. )

[

B 7/

SoP(B)=P(ANB)+P(BNC)=>b==b+-=>b=1

ini =2 =2
Minimum value of P(A N B) = - (3) =
Method 2

Let P(4 N B) = x.From (2),b = x.

B
A Y c
0.1

(¥):0.9 — [0.4 + gx - x]

Since all the probabilities are nonnegative, we have
x>004—-x>015x—-02>=0and 0.5—-1.5x > 0.

2
Thus we have x = 0,x < 0.4,x > Eandx <

W=

Combining all together we have % <x< § .

Minimum and maximum value of P(A N B) is E and§ respectively.
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