if Paradigm Specialising in O & A Level Mathematics

MUST KNOW QUESTIONS TO ACE
Complex Numbers

Complex Numbers Arithmetic

1 | Do not use a calculator in answering this question.
The complex numbers z and w satisfy the following equations.
w+z"=-2+4i
z+2=3iw
Find z and w giving your answers in the form a + ib, where a and b are real numbers. [4]

(ACJC/2023/P1/Q2)

2 | (a) The complex number z is given by z = x + yi, where x and y are non-zero real numbers.

()

Given that |z| = 1, find the possible values of z for which - is real. [6]

(b) Without the use of a calculator, find the roots of the equation z? = 33 + 56i, expressin
q p g

your answer in cartesian from x + yi where x and y are real. (4]
Hence, find in cartesian from, the roots of the equation w? = —33 + 56i. [2]
(TMJC/2022/P1/Q9)

3 | Itis giventhat z = 1 + 2i.

(i) Without using a calculator, find the values of z*and Z% in cartesian from x + iy, showing
your working. [4]

(ii) The real numbers p and ¢ are such that pz? + ;% is real. Find, in terms of p, the value of ¢
and the value of pz?2 + Z%. [3]

(N2014/P1/Q5)

Fundamental Theorem of Algebra & Conjugate Roots Theorem

4| (i) The equation 3z3 — 7z%2 4+ 17z + m = 0, where m is a real constant, has aroot z = 1 +
2i. Find the value of m.
Hence using an algebraic method, find all the roots of the equation 3z3 — 722 + 17z +
m = 0. Show your working clearly. [4]
(ii) Hence, solve the equation % + # + % —m = 0, giving your answers in the form a + bi,

where a, b € R. [2]
(ASrJC/2022/P2/Q1)
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5 | (i) Itis given that —1 + 2i is a root of the equation z3 + 2(1 +1)z% + (5 + 4i)z + 10i = 0.
Explain why —1 — 2i may not be a root. [1]
(ii) Without using a calculator, solve the equation z3 + 2(1 + i)z + (5 + 4i)z + 10i = 0,

giving your answers in the form a + ib, where a and b

are exact values. [5]
(iii) Hence solve iz3 + 2(1 + i)z% + (4 — 5i)z — 10i = 0. [2]
(NYJC/2022/P1/Q5)

6 | Do not use a calculator in answering this question.
The complex number w is given by 2 — 3i.

(a) Find w? in the form x + iy, showing your working. [2]
w is a root of the equation z3 — 522 + az + b = 0 where a and b are real constant. This

equation also has a real root .

(b) Find the values of a and b. [2]
(¢) Find a cubic polynomial that has roots iw, iw* and ia in the form z3 + pz? + qz + r =
0, where p, ¢ and r are real constant. [2]
(DHS/2022/P2/Q2)

7 | Do not use a calculator in answering this question.
(a) Let f(z) be a polynomial in z of degree 4 with real coefficients. The equation f(z) = 0 has
four roots, namely «, 5,y and § such that they satisfy the following two conditions:
afys <0 and a? + B2 +y2+ 62 <0.
Based on the two conditions, a student concludes that the equation f(z) = 0 has one
positive real root, one negative real root and a pair of complex conjugate roots.
State, with reasons, whether the student's claim is true. [3]
(b) It is given that g(z) = z* + z3 — 222 + 4z — 24.
Very that z = 2i is a root of the equation g(z) = 0.
Hence find the other roots of the equation. [5]
(RI/2022/P2/Q2)

8 | The complex number z satisfies the equation

z?(2+i)—8iz+t=10
where t is a real number. It is given that one of the root is of the form k + ki, where £ is real
and non-zero. Find 7 and £, and the other root of the equation. [8]

(N2020/P1/Q6)
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Geometrical effects of conjugation, negation, addition, subtraction, and multiplication by i.

9

A complex number z; is given by z; = a + (a — 3)i, where a is a positive real constant.
It is given that arg z; = 6, where —g <6<0.

(a) Find, leaving your answers in terms of 9,
(i) arg(—2z) 2]
(ii) arg(z; — 2a) [2]
Another complex number z, is given by z, = 1 + 3i.

(b) Without using a calculator, find the range of values of a such that

) 5]

Im(zy2;) —

(HCI/2023/P2/Q3)

TMJC 2019/BT/4
The complex numbers z;and z, are given by v/3 + i and —1 + +/3i respectively.
(i) Find the modulus and argument of z;and z,. [3]
(ii)In an Argand diagram with origin O, the complex numbers z;and z, are represented
by the points P and Q respectively. With the aid of an Argand diagram, show that
LPOQ = g 2]
(iii) Find z; + z, in the form a + bi, where a, b € R. The complex number z; + z, is

represented by the point R in the Argand diagram. Hence use the Argand diagram to find

the exact argument of z; + z, and show that tan (i—g) = gti [3]
(TMJC/2019/BT/Q4)
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Solutions

1

w+z" = =2+ 4i-—-- (1)

z+ 2 =3iw---- (2)

From (1): w=—-2+4+4i—2z"

Subtituting into (2): z+ 2 = 3i(—2+ 4i—2z")
z+3iz" = -14 — 6i

Letz =a+ib,

a+ib + 3ia +3b = —-14 — 6i

(a+3b)+ (3a+b)i=-14 —6i

Comparing real and imaginary parts:
a+3b=-14----(3)

3a+b=—-6--—--(4)

Solving simultaneously with (4) — 3(3), we have
—8b =36 =>b=-45

Hence a = —0.5, and z = —0.5 — 4.5i
w=-2+4i—-z"w=-24+4i+05-4.5i=-15-0.5i

(a) Givenz = x + 1y, x,y €ER

(z2) _ @)
zZ - zZ
_ (x—yi)?
- x+yi
_ (x=yi)? (x—yi)

(x+yD) (x—yi)

(x—yi)®

x2=(yi)?

x3-3x2(yi)+3x(yi)2—-(yi)?
x2+y?

x3-3x2yi-3xy%+y3i

x2+y?

_ x3-3xy? | -3x%y+yd.
T x24y2 x2+y2
2)* 2)*
Given % is real = Im [%] =0
—3x2y+y3
x2+y? =0
—3x%y+y3=0
y(y* =3x%) =0

y(y=V3x)(y +V3x) =0
y = 0 (rejected as y is non-zero), y = /3x or y=—/3x
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(b) Letz = x + 1y,

Since |z]| = 12> x?+y2 =1,
Fory = +3x,x% + (iﬁx)z =1

X

n
x =+
~ Possible values of z are
V3 V3.1 3

R R Pt
x,y ER

(x +iy)? =33 + 56i

x% 4+ 2xyi — y? = 33 4+ 56i

Comparing real and imaginary parts,

x?—y?2=33 (1)

2xy = 56
2@

X

Substitute (2) into (1):

x—(ﬁ)2 =33

x
x*—33x2—-784=0

(x> —49) (x2+16) =0

x=7

-7 —4i

~z=7+4

Since x isreal, x = —7 or
Whenx = -7, y =—4
Whenx =7, y=4

A

+ the roots of the equation are —7 — 4i and 7 + 4i.

w2 = —33 + 56i
—w? =33 — 56i
(—w?)* = 33 4 56i
—(w*)? =33 + 56i
i2(w*)? = 33 + 56i
(iw*)? = 33 + 56i

(conjugate both sides)

Replace z by iw”,

iw* = -7 —4i or iw* =7+ 4i
—w* =—7i+4i -w*=7i—4
wr=7i—4 w*=-7i+4
w=-—4-7i w=4+7i
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3] G z=1+2i

(i)pz? + Z% =p(-3+4i)+gq (—i + ii) is real

22=(1+42)2=1+4i—4=-3+4i
23=(-3+4D(1+2)=-3+4i—6i—8=—-11—2i

11

1 . 11 2 .
= =L (11— 20) = — =
z3 -11-21 125 125 125

125 125

Therefore, 4p + %q =0=q=-250p

2,49 _ _ N 1, 2.
pz +Z3—p( 3 + 4i) 250P( 125+1251)
= —3p + 4pi + 22p — 4pi

=19p

Since z = 1 + 2i is a root,
31 +2) =71 +2)?+17(1+2))+m=0
3(-11-2)) = 7(-34+41)+17+34i+m=0
5+4m=0
m= =5
323 —-7z4+17z—-5=0
Since coefficients are all real, z = 1 — 2i is also a root,
(z—(@Q+2D)(z—(1-20)Bz—k)=32-72z2+17z+m
(z2-2z+5)Bz—k)=323-7z2+17z+m
Comparing, 5(—k) = —5
k=1
(z—(1+2D))(z—(1-20))Bz-1)=0

sz =1+2i1-2i;
Alternatively,
Since coefficients are all real, so z = 1 — 2i is also a root.
>(z-1+20)(z-1-20))(Bz—k)=32>-722+17z24+m =0
(z2=2z+5)(Bz—k)=323-7z2+17z+m
Comparing coefficients of z
—2(-k)+15=17
k=1
(z2=2z+5)(3z—1)=0
Comparing, m = 5(—1) = =5

.-.z=1+21,1—21,§
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een 3 7 17 _
(ll)$+ﬁ+;+5_0

3 7 17
- —5=0
(-w)®  (-w)? + (=w)

Letz = ——

w
From(i).—i= 1+2ior —~=1-2i or —+=1

w w w 3

1 1
wW=——— o w=——— or w=-3
1+2i 1-2i
.nw::—im;—m)—§(1+zofe
5 (i) Since the equation does not have all real coefficients, therefore Conjugate Root

Theorem will not be applicable. Hence —1 — 2i may not be a root.
(i)Let z3 +2(1 +1)z2 + (5+4i)z+10i= (z+ 1 —2i)(z> + Az + B)
Comparing constant, 10i = (1 — 2i)B

10

B=to=—4+2i
Comparing z? term, 2(1 +1i) = A + (1 — 2i)
A=1+4i

2z3+2(14+1)z2+ (5+4i)z+10i=0
(z+1-20)(22+ (1 + 4Dz + (—4+20)) =0
(z+1-21)=0 or z2+ (A +4i)z+(—4+2i)=0

—1-4i+,/(1+41)2—4(~4+2i)
2

z=—-14+2i or z=

_ —1-4ityT
- 2
—1-4i+1
Z =
2
—2—-4i —4i
zZ= or z=—
2 2

Therefore, the roots are
z=-=1+42i or z=-1-21i or z=-2i
(iii) From z3 + 2(1 +1)z% + (5 + 4i)z + 10i = 0, if we replace z with iz,
(iz)2 +2(1 +1)(iz)?2 + (5 + 4i)(iz) + 10i = 0
—iz3 =21 +1)z?+ (5i—4)z+10i=0
iz3+2(1+i)z24+ (4 —5i)z—10i=0
So iz=—-1+2i or iz=-1-21 or iz=-2i

z=2+1i or z=i—2 or z=-2
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©

6 | (awd=2-3i)3

(b) Since wisaroot, (2 —3i)3 =52 -3i)?+a(2—-3i))+b=0

= (2)* =3(2)*(3) + 3(2)(3D* — 3D?
=8 —36i — 54 + 27i
= —46 — 9i

(—46 —9i) —5(4—-12i—9)+ (2a+b—3ai) =0
(-21+2a+b)+(51—-3a)i=0
51-3a=0=>a=17
—214+2(17)+b=0=>b=-13

Since wis aroot of z3 — 522 4+ 172 — 13 =0

w™ is also a root as all the coefficients are real.

wz3—=5224172-13=CzZ-w)(z—-w")(z—a)

Replace z by ?,

(B =50 +17 () -13=(()-w) (@) -w) (@) <)
Multiply y i on both sides,
z3 —5iz? — 17z + 13i = (z — iw)(z — iw*) (z — ia)
A possible cubic polynomial is z3 — 5iz% — 17z + 13i.
(Q6)

7 (a) The student's claim is true.

Reasons:

1. From a? + B? + y? + §% < 0, it shows that at least one of the roots is complex.

2. As the coefficients of f(z) are real, we know that complex roots exist in
conjugate pairs, so there is at least one pair of complex conjugate roots.

3. [Ifthere are 2 pairs of complex conjugate roots, then affyd > 0. However, given
that affyé < 0, then there is only a pair of complex conjugate roots and 2 real
roots of opposite signs.

So with 1, 2 and 3, we can conclude that the equation f(z) = 0 has one positive real

root, one negative real root and a pair of complex conjugate roots.
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(b) Since f(2i) = (2i)* + (2i)® — 2(21)? + 4(2i) — 24
=16—-8i+8+8i—24=0,
so z = 2i is a root of the equation f(z) = 0 (verified).
As complex roots occur in conjugate pair, so z = —2i is the other complex root.
Now (z —2i)(z+ 2i) = z%+ 4
Hence z* + z3 — 222 + 4z — 24 = (22 + 4)(z%? + az — 6)
Comparing the coefficient of z3 : a = 1
Thus
z¥+ 23 =222+ 42— 24 = (22 + 4)(z* + az — 6)
=2 +4)(z+3)(z-2)
So the other 3 roots of the equation f(z)= 0 are —2i, 2 and —3.

8 | z2(2+i)—8iz+t=0
(k+ ki)?(2+1i) —8i(k+ki)+t=0
kK2(1+1)2Q2+i) —8kil+i)+t=0
k22)(2+1i) —8k(-1+i)+t=0
k(=2 +4i) —8k(-1+i)+t=0
(—2k%?+8k +t) + (4k*> —8k)i=0
Comparing imaginary part: 4k? — 8k = 0
=>k=2 or k=0 (rejectedask # 0)

Comparing real part: =8 + 16 +t = 0=t = —8
z(2+1i)—8iz=0

;= 8i+./(—8)2—4(2+1)(-8)

2(2+i)
_ 8i+y/32i
T 2(2+i)
=2+2i o —2+421
5 5
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(b) Solution
7,7, = (a+ (a —3))(1 + 3i)
=(a—-3a+9)+ @Ba+a—23)i
=(—2a+9)+ (4a — 3)i

~1Im (z,2,) = 4a -3

=10(2a* —6a +9)

|leZ|2 S 10

" Im (212,)

10(2a%-6a+9

(—) <10
4a-3

2a%-6a+9

4a-3

<1

2a%-6a+9
4a-3

-1<0

<0

2a%-10a+12

4a-3 - _ " . .
2(a®-5a+6) ©
—_—<

4a-3 0 2 3
2(a-2)(a-3) <0

4a—%
.-.a<Z or 2<ac<3

Also, it is given that a > 0
Hence 0 <a <3

~ required range of values of a is

0<a<% or 2<a<3

91 (@
(i) arg(—2z,) = arg(=2) +arg(z,)
=mn+0
(ii) z; — 2a Im
=a+(a—3)i—2a —a OT a R
= —a+(a-3)i 161 P20 &
arg(z; — 2a) ®--——- \-----‘gl = (~a.a—3)
= argl—a + (a - 3)i] -3
=-n+|6] z,—2a = (—a,a—3)
= -+ (—0)
=-n—0

|Z122|2 = |Z1|2|22|2 =(a*+ (a-3))(1*+

Since —g <argz, <0, ~Ilm(z;)=a—-3<0

32)
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V3-1 12
tan 5T —1+/3
12 V3-1

10 @) lzl=2 |z]=2
(i) arg(z) =% arg(z,) = =
2
Z;
Z,
1
-2 -1 0 1 2
. £POQ = n_m_T
a T3 6 2
(i) z+2z,=(3-1)+(-1+V3)i
Since |z,| = |z,| = 2, a square is formed.
™ ™ T 5w
ZROP =7 arg(z; + z,) _Z—I—Z_E
3
P A
- \
/’ \
- \
// 2 \
z 7 \
\
\
\
\ Z
1
-1 0 1 2
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