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           Paradigm Specialising in O & A Level Mathematics 

Maths Secrets  

MUST KNOW QUESTIONS TO ACE 
Complex Numbers 

Complex Numbers Arithmetic 

1 Do not use a calculator in answering this question. 

The complex numbers z and w satisfy the following equations. 

𝑤 + 𝑧∗ = −2 + 4i 

𝑧 + 2 = 3i𝑤 

Find z and w giving your answers in the form 𝑎 + 𝑖𝑏, where a and b are real numbers.         [4] 

(ACJC/2023/P1/Q2) 

2 (a) The complex number z is given by 𝑧 = 𝑥 + 𝑦i, where x and y are non-zero real numbers. 

Given that |𝑧| = 1, find the possible values of z for which 
൫௭మ൯

∗

௭
 is real.                  [6] 

(b) Without the use of a calculator, find the roots of the equation 𝑧ଶ = 33 + 56i, expressing 

your answer in cartesian from 𝑥 + 𝑦i where x and y are real.            [4] 

Hence, find in cartesian from, the roots of the equation 𝑤ଶ = −33 + 56i.         [2] 

(TMJC/2022/P1/Q9) 

3 It is given that 𝑧 = 1 + 2i. 

(i) Without using a calculator, find the values of z2 and 
ଵ

௭య in cartesian from 𝑥 + i𝑦, showing 

your working.               [4] 

(ii) The real numbers p and q are such that 𝑝𝑧ଶ +
௤

௭య is real. Find, in terms of p, the value of q 

and the value of 𝑝𝑧ଶ +
௤

௭య.             [3] 

(N2014/P1/Q5) 

 

Fundamental Theorem of Algebra & Conjugate Roots Theorem 

4 (i) The equation 3𝑧ଷ − 7𝑧ଶ + 17𝑧 + 𝑚 = 0, where m is a real constant, has a root 𝑧 = 1 +

2i. Find the value of m. 

Hence using an algebraic method, find all the roots of the equation 3𝑧ଷ − 7𝑧ଶ + 17𝑧 +

𝑚 = 0. Show your working clearly.           [4] 

(ii) Hence, solve the equation 
ଷ

௪య +
଻

௪మ +
ଵ଻

௪
− 𝑚 = 0, giving your answers in the form 𝑎 + 𝑏i, 

where 𝑎, 𝑏 ∈ ℝ.              [2] 

(ASrJC/2022/P2/Q1) 
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5 (i) It is given that −1 + 2i is a root of the equation 𝑧ଷ + 2(1 + i)𝑧ଶ + (5 + 4i)𝑧 + 10i = 0. 

Explain why −1 − 2i may not be a root.           [1] 

(ii) Without using a calculator, solve the equation 𝑧ଷ + 2(1 + i)𝑧ଶ + (5 + 4i)𝑧 + 10i = 0, 

giving your answers in the form 𝑎 + i𝑏, where a and b  

are exact values.                       [5] 

(iii) Hence solve 𝑖𝑧ଷ + 2(1 + i)𝑧ଶ + (4 − 5𝑖)𝑧 − 10i = 0.                        [2] 

(NYJC/2022/P1/Q5) 

6 Do not use a calculator in answering this question. 

The complex number w is given by 2 − 3i. 

(a) Find w3 in the form 𝑥 + i𝑦, showing your working.         [2] 

w is a root of the equation 𝑧ଷ − 5𝑧ଶ + 𝑎𝑧 + 𝑏 = 0 where a and b are real constant. This 

equation also has a real root 𝛼. 

(b) Find the values of a and b.            [2] 

(c) Find a cubic polynomial that has roots 𝑖𝑤, 𝑖𝑤∗ and 𝑖𝛼 in the form 𝑧ଷ + 𝑝𝑧ଶ + 𝑞𝑧 + 𝑟 =

0, where p, q and r are real constant.          [2] 

(DHS/2022/P2/Q2) 

7 Do not use a calculator in answering this question. 

(a) Let f(z) be a polynomial in z of degree 4 with real coefficients. The equation f(𝑧) = 0 has 

four roots, namely 𝛼, 𝛽, 𝛾 and 𝛿 such that they satisfy the following two conditions: 

𝛼𝛽𝛾𝛿 < 0  and  𝛼ଶ + 𝛽ଶ + 𝛾ଶ + 𝛿ଶ < 0. 

Based on the two conditions, a student concludes that the equation f(𝑧) = 0 has one 

positive real root, one negative real root and a pair of complex conjugate roots. 

State, with reasons, whether the student's claim is true.         [3] 

(b) It is given that g(𝑧) = 𝑧ସ + 𝑧ଷ − 2𝑧ଶ + 4𝑧 − 24. 

Very that 𝑧 = 2i is a root of the equation g(𝑧) = 0.  

Hence find the other roots of the equation.               [5] 

(RI/2022/P2/Q2) 

8 The complex number z satisfies the equation 

𝑧ଶ(2 + i) − 8i𝑧 + 𝑡 = 0 

where 𝑡 is a real number. It is given that one of the root is of the form 𝑘 + 𝑘i, where k is real 

and non-zero. Find t and k, and the other root of the equation.          [8] 

(N2020/P1/Q6) 
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Geometrical effects of conjugation, negation, addition, subtraction, and multiplication by 𝒊. 

9 A complex number 𝑧ଵ is given by  𝑧ଵ = 𝑎 + (𝑎 − 3)i, where a is a positive real constant. 

It is given that arg 𝑧ଵ = 𝜃, where −
గ

ଶ
< 𝜃 < 0. 

(a) Find, leaving your answers in terms of 𝜃, 

(i) arg(−2𝑧ଵ)               [2] 

(ii) arg(𝑧ଵ − 2𝑎)               [2] 

Another complex number 𝑧ଶ is given by 𝑧ଶ = 1 + 3𝑖. 

(b) Without using a calculator, find the range of values of a such that 

|௭భ௭మ|మ

୪୫(௭భ௭మ)
≤ 10.           [5] 

(HCI/2023/P2/Q3) 

1 

0 

TMJC 2019/BT/4 

The complex numbers 𝑧ଵand 𝑧ଶ are given by √3 + i and −1 + √3𝑖 respectively. 

(i) Find the modulus and argument of 𝑧ଵand 𝑧ଶ.           [3] 

(ii) In an Argand diagram with origin O, the complex numbers 𝑧ଵand 𝑧ଶ are represented 

by the points P and Q respectively. With the aid of an Argand diagram, show that 

∠𝑃𝑂𝑄 =
గ

ଶ
.                          [2] 

(iii) Find 𝑧ଵ + 𝑧ଶ in the form 𝑎 + 𝑏i, where 𝑎, 𝑏 ∈ ℝ. The complex number 𝑧ଵ + 𝑧ଶ is 

represented by the point R in the Argand diagram. Hence use the Argand diagram to find 

the exact argument of 𝑧ଵ + 𝑧ଶ and show that tan ቀ
ହగ

ଵଶ
ቁ = √ଷାଵ

√ଷିଵ
.              [3] 

(TMJC/2019/BT/Q4) 
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Solutions  

1 𝑤 + 𝑧∗ = −2 + 4i---- (1)  

𝑧 + 2 = 3i𝑤---- (2)  

From (1):  𝑤 = −2 + 4i − 𝑧∗ 

Subtituting into (2):    𝑧 + 2 = 3i(−2 + 4i − 𝑧∗) 

𝑧 + 3i𝑧∗ = −14 − 6i  

Let 𝑧 = 𝑎 + i𝑏, 

𝑎 + i𝑏 + 3𝑖𝑎 + 3𝑏 = −14 − 6i  

(𝑎 + 3𝑏) + (3𝑎 + 𝑏)i = −14 − 6i  

Comparing real and imaginary parts:  

𝑎 + 3𝑏 = −14---- (3)  

3𝑎 + 𝑏 = −6---- (4) 

Solving simultaneously with (4) − 3(3), we have 

−8𝑏 = 36 ⇒ 𝑏 = −4.5  

Hence 𝑎 = −0.5, and 𝑧 = −0.5 − 4.5i  

𝑤 = −2 + 4i − 𝑧∗: 𝑤 = −2 + 4i + 0.5 − 4.5i = −1.5 − 0.5i  

2 (a) Given 𝑧 = 𝑥 + i𝑦,        𝑥, 𝑦 ∈ ℝ 

൫௭మ൯
∗

௭
=

(௭∗)మ

௭
  

=
(௫ି௬୧)మ

௫ା௬୧
  

=
(௫ି௬୧)మ (௫ି௬୧)

(௫ା௬୧)  (௫ି௬୧)
  

=
(௫ି௬୧)య

௫మି(௬୧)మ
  

=
௫యିଷ௫మ(௬௜)ାଷ௫(௬୧)మି(௬୧)య

௫మା௬మ
  

=
௫యିଷ௫మ௬୧ିଷ௫௬మା௬య୧

௫మା௬మ
  

=
௫యିଷ௫௬మ

௫మା௬మ
+

ିଷ௫మ௬ା௬య

௫మା௬మ
i  

Given 
൫௭మ൯

∗

௭
 is real ⇒ lm ൤

൫௭మ൯
∗

௭
൨ = 0 

⇒
ିଷ௫మ௬ା௬య

௫మା௬మ
= 0  

−3𝑥ଶ𝑦 + 𝑦ଷ = 0  

𝑦(𝑦ଶ − 3𝑥ଶ) = 0  

𝑦൫𝑦 − √3𝑥൯൫𝑦 + √3𝑥൯ = 0  

𝑦 = 0 (rejected as y is non-zero), 𝑦 = √3𝑥     or       𝑦 = −√3𝑥 

 

 



 

Page 5 
 

           Paradigm Specialising in O & A Level Mathematics 

Maths Secrets  

Since |𝑧| = 1 ⇒ 𝑥ଶ + 𝑦ଶ = 1, 

For 𝑦 = ±√3𝑥, 𝑥ଶ + ൫±√3𝑥൯
ଶ

= 1 

𝑥ଶ =
ଵ

ସ
  

𝑥 = ±
ଵ

ଶ
       ⇒ 𝑦 = ±

√ଷ

ଶ
  

∴ Possible values of z are 

ଵ

ଶ
+

√ଷ

ଶ
i, −

ଵ

ଶ
+

√ଷ

ଶ
i,

ଵ

ଶ
−

√ଷ

ଶ
i    or −

ଵ

ଶ
−

√ଷ

ଶ
i. 

(b) Let 𝑧 = 𝑥 + i𝑦,        𝑥, 𝑦 ∈ ℝ 

(𝑥 + i𝑦)ଶ = 33 + 56i  

𝑥ଶ + 2𝑥𝑦𝑖 − 𝑦ଶ = 33 + 56i  

Comparing real and imaginary parts, 

𝑥ଶ − 𝑦ଶ = 33  ---- (1) 

2𝑥𝑦 = 56  

𝑦 =
ଶ଼

௫
 --- (2) 

Substitute (2) into (1): 

𝑥 − ቀ
ଶ଼

௫
ቁ

ଶ

= 33  

𝑥ସ − 33𝑥ଶ − 784 = 0  

(𝑥ଶ − 49) (𝑥ଶ + 16) = 0  

Since x is real, 𝑥 = −7   or     𝑥 = 7 

When 𝑥 = −7, 𝑦 = −4        ∴ 𝑧 = −7 − 4i 

When 𝑥 = 7, 𝑦 = 4              ∴ 𝑧 = 7 + 4i 

∴ the roots of the equation are −7 − 4i and 7 + 4i. 

𝑤ଶ = −33 + 56i  

−𝑤ଶ = 33 − 56i  

(−𝑤ଶ)∗ = 33 + 56i     (conjugate both sides) 

−(𝑤∗)ଶ = 33 + 56i  

iଶ(𝑤∗)ଶ = 33 + 56i  

(i𝑤∗)ଶ = 33 + 56i  

Replace z by i𝑤∗, 

i𝑤∗ = −7 − 4i             or          i𝑤∗ = 7 + 4i    

−𝑤∗ = −7i + 4i                       −𝑤∗ = 7i − 4 

𝑤∗ = 7i − 4                                 𝑤∗ = −7i + 4 

𝑤 = −4 − 7i                                𝑤 = 4 + 7i 
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3 (i) 𝑧 = 1 + 2i 

𝑧ଶ = (1 + 2i)ଶ = 1 + 4i − 4 = −3 + 4i  

𝑧ଷ = (−3 + 4i)(1 + 2i) = −3 + 4i − 6i − 8 = −11 − 2i  

ଵ

௭య
=

ଵ

ିଵଵିଶ୧
=

ଵ

ଵଶହ
(−11 − 2i) = −

ଵଵ

ଵଶହ
+

ଶ

ଵଶହ
i  

(ii) 𝑝𝑧ଶ +
௤

௭య
= 𝑝(−3 + 4i) + 𝑞 ቀ−

ଵଵ

ଵଶହ
+

ଶ

ଵଶହ
iቁ is real  

Therefore, 4𝑝 +
ଶ

ଵଶହ
𝑞 = 0 ⇒ 𝑞 = −250𝑝  

𝑝𝑧ଶ +
௤

௭య
= 𝑝(−3 + 4i) − 250𝑃 ቀ−

ଵଵ

ଵଶହ
+

ଶ

ଵଶହ
iቁ  

= −3𝑝 + 4𝑝i + 22𝑝 − 4𝑝i  

           = 19𝑝  

4 (i) Since 𝑧 = 1 + 2i is a root, 

3(1 + 2i)ଷ − 7(1 + 2i)ଶ + 17(1 + 2i) + 𝑚 = 0  

3(−11 − 2i) − 7(−3 + 4i) + 17 + 34i + 𝑚 = 0  

5 + 𝑚 = 0  

𝑚 = −5  

3𝑧ଷ − 7𝑧ଶ + 17𝑧 − 5 = 0  

Since coefficients are all real, 𝑧 = 1 − 2i is also a root, 

൫𝑧 − (1 + 2i)൯൫𝑧 − (1 − 2i)൯(3𝑧 − 𝑘) = 3𝑧ଷ − 7𝑧ଶ + 17𝑧 + 𝑚  

(𝑧ଶ − 2𝑧 + 5)(3𝑧 − 𝑘) = 3𝑧ଷ − 7𝑧ଶ + 17𝑧 + 𝑚  

Comparing, 5(−𝑘) = −5 

𝑘 = 1  

൫𝑧 − (1 + 2i)൯൫𝑧 − (1 − 2i)൯(3𝑧 − 1) = 0  

∴ 𝑧 = 1 + 2i, 1 − 2i,
ଵ

ଷ
  

Alternatively,  

Since coefficients are all real, so 𝑧 = 1 − 2i is also a root. 

⇒ ൫𝑧 − (1 + 2i)൯൫𝑧 − (1 − 2i)൯(3𝑧 − 𝑘) = 3𝑧ଷ − 7𝑧ଶ + 17𝑧 + 𝑚 = 0  

(𝑧ଶ − 2𝑧 + 5)(3𝑧 − 𝑘) = 3𝑧ଷ − 7𝑧ଶ + 17𝑧 + 𝑚  

Comparing coefficients of z 

−2(−𝑘) + 15 = 17  

𝑘 = 1  

(𝑧ଶ − 2𝑧 + 5)(3𝑧 − 1) = 0  

Comparing, 𝑚 = 5(−1) = −5 

∴ 𝑧 = 1 + 2i, 1 − 2i,
ଵ

ଷ
  



 

Page 7 
 

           Paradigm Specialising in O & A Level Mathematics 

Maths Secrets  

(ii) 
ଷ

௪య
+

଻

௪మ
+

ଵ଻

௪
+ 5 = 0 

−
ଷ

௪య
−

଻

௪మ
−

ଵ଻

௪
− 5 = 0  

ଷ

(ି௪)య
−

଻

(ି௪)మ
+

ଵ଻

(ି௪)
− 5 = 0  

3 ቀ−
ଵ

௪
ቁ

ଷ

− 7 ቀ−
ଵ

௪
ቁ

ଶ

+ 17 ቀ−
ଵ

௪
ቁ − 5 = 0  

Let 𝑧 = −
ଵ

௪
 

From (i).−
ଵ

௪
= 1 + 2i  or   −

ଵ

௪
= 1 − 2i   or   −

ଵ

௪
=

ଵ

ଷ
 

𝑤 = −
ଵ

ଵାଶ୧
     or     𝑤 = −

ଵ

ଵିଶ୧
     or   𝑤 = −3 

∴ 𝑤 = −
ଵ

ହ
(1 − 2i). −

ଵ

ହ
(1 + 2i). −3  

5 (i) Since the equation does not have all real coefficients, therefore Conjugate Root 

Theorem will not be applicable. Hence −1 − 2i may not be a root. 

(ii) Let 𝑧ଷ + 2(1 + i)𝑧ଶ + (5 + 4i)𝑧 + 10i = (𝑧 + 1 − 2i)(𝑧ଶ + 𝐴𝑧 + 𝐵)  

Comparing constant, 10i = (1 − 2i)𝐵 

𝐵 =
ଵ଴

(ଵିଶ୧)
= −4 + 2i  

Comparing 𝑧ଶ term, 2(1 + i) = 𝐴 + (1 − 2i) 

𝐴 = 1 + 4i  

∴ 𝑧ଷ + 2(1 + i)𝑧ଶ + (5 + 4i)𝑧 + 10i = 0  

(𝑧 + 1 − 2i)൫𝑧ଶ + (1 + 4i)𝑧 + (−4 + 2i)൯ = 0  

(𝑧 + 1 − 2i) = 0    or    𝑧ଶ + (1 + 4i)𝑧 + (−4 + 2i) = 0 

𝑧 = −1 + 2i   or   𝑧 =
ିଵିସ୧±ඥ(ଵାସ୧)మିସ(ିସାଶ୧)

ଶ
 

𝑧 =
ିଵିସ୧±√ଵ

ଶ
  

𝑧 =
ିଵିସ୧±ଵ

ଶ
  

𝑧 =
ିଶିସ୧

ଶ
     or     𝑧 =

ିସ୧

ଶ
 

Therefore, the roots are 

𝑧 = −1 + 2i    or    𝑧 = −1 − 2i     or     𝑧 = −2i 

(iii) From 𝑧ଷ + 2(1 + i)𝑧ଶ + (5 + 4i)𝑧 + 10i = 0, if we replace z with iz,  

(i𝑧)ଷ + 2(1 + i)(i𝑧)ଶ + (5 + 4i)(i𝑧) + 10i = 0  

−i𝑧ଷ − 2(1 + i)𝑧ଶ + (5i − 4)𝑧 + 10i = 0  

i𝑧ଷ + 2(1 + i)𝑧ଶ + (4 − 5i)𝑧 − 10i = 0  

So         𝑖𝑧 = −1 + 2i     or     𝑖𝑧 = −1 − 2i      or     𝑖𝑧 = −2i 

              𝑧 = 2 + 𝑖      or      𝑧 = i − 2       or     𝑧 = −2 
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6 (a) 𝑤ଷ = (2 − 3i)ଷ 

= (2)ଷ − 3(2)ଶ(3i) + 3(2)(3i)ଶ − (3i)ଷ  

= 8 − 36i − 54 + 27i  

= −46 − 9i  

(b) Since w is a root, (2 − 3i)ଷ − 5(2 − 3i)ଶ + 𝑎(2 − 3i) + 𝑏 = 0 

(−46 − 9i) − 5(4 − 12i − 9) + (2𝑎 + 𝑏 − 3𝑎i) = 0  

(−21 + 2𝑎 + 𝑏) + (51 − 3𝑎)i = 0  

51 − 3𝑎 = 0 ⇒ 𝑎 = 17  

−21 + 2(17) + 𝑏 = 0 ⇒ 𝑏 = −13  

(c) Since w is a root of 𝑧ଷ − 5𝑧ଶ + 17𝑧 − 13 = 0 

𝑤∗ is also a root as all the coefficients are real. 

∴ 𝑧ଷ − 5𝑧ଶ + 17𝑧 − 13 = (𝑧 − 𝑤)(𝑧 − 𝑤∗)(𝑧 − 𝛼)  

 

Replace z by 
௭

୧
, 

ቀ
௭

୧
ቁ

ଷ

− 5 ቀ
௭

୧
ቁ

ଶ

+ 17 ቀ
௭

୧
ቁ − 13 = ൬ቀ

௭

୧
ቁ − 𝑤൰ ൬ቀ

௭

୧
ቁ − 𝑤∗൰ ൬ቀ

௭

୧
ቁ − 𝛼൰  

Multiply y iଷ on both sides, 

𝑧ଷ − 5i𝑧ଶ − 17𝑧 + 13i = (𝑧 − i𝑤)(𝑧 − i𝑤∗)(𝑧 − 𝑖𝛼)  

A possible cubic polynomial is 𝑧ଷ − 5𝑖𝑧ଶ − 17𝑧 + 13i. 

(Q6) 

7 (a) The student's claim is true. 

Reasons: 

1. From 𝛼ଶ + 𝛽ଶ + 𝛾ଶ + 𝛿ଶ < 0, it shows that at least one of the roots is complex. 

2. As the coefficients of f(z) are real, we know that complex roots exist in 

conjugate pairs, so there is at least one pair of complex conjugate roots. 

3. If there are 2 pairs of complex conjugate roots, then 𝛼𝛽𝛾𝛿 > 0. However, given 

that 𝛼𝛽𝛾𝛿 < 0, then there is only a pair of complex conjugate roots and 2 real 

roots of opposite signs. 

So with 1, 2 and 3, we can conclude that the equation f(𝑧) = 0 has one positive real 

root, one negative real root and a pair of complex conjugate roots. 
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(b) Since f(2i) = (2i)ସ + (2i)ଷ − 2(2i)ଶ + 4(2i) − 24 

= 16 − 8i + 8 + 8i − 24 = 0, 

so 𝑧 = 2i is a root of the equation f(𝑧) = 0  (verified). 

As complex roots occur in conjugate pair, so 𝑧 = −2i is the other complex root. 

Now (𝑧 − 2i)(𝑧 + 2i) = 𝑧ଶ + 4  

Hence 𝑧ସ + 𝑧ଷ − 2𝑧ଶ + 4𝑧 − 24 = (𝑧ଶ + 4)(𝑧ଶ + 𝑎𝑧 − 6) 

Comparing the coefficient of 𝑧ଷ ∶ 𝑎 = 1 

Thus  

𝑧ସ + 𝑧ଷ − 2𝑧ଶ + 4𝑧 − 24 = (𝑧ଶ + 4)(𝑧ଶ + 𝑎𝑧 − 6)  

= (𝑧ଶ + 4)(𝑧 + 3)(𝑧 − 2)  

So the other 3 roots of the equation f(z)= 0 are −2𝑖, 2 and −3. 

 

8 𝑧ଶ(2 + i) − 8i𝑧 + 𝑡 = 0  

(𝑘 + 𝑘i)ଶ(2 + i) − 8i(𝑘 + 𝑘i) + 𝑡 = 0  

𝑘ଶ(1 + i)ଶ(2 + i) − 8𝑘i(1 + i) + 𝑡 = 0  

𝑘ଶ(2i)(2 + i) − 8𝑘(−1 + i) + 𝑡 = 0  

𝑘ଶ(−2 + 4i) − 8𝑘(−1 + i) + 𝑡 = 0  

(−2𝑘ଶ + 8𝑘 + 𝑡) + (4𝑘ଶ − 8𝑘)i = 0  

Comparing imaginary part: 4𝑘ଶ − 8𝑘 = 0 

⇒ 𝑘 = 2   or    𝑘 = 0    (rejected as 𝑘 ≠ 0) 

Comparing real part: −8 + 16 + 𝑡 = 0 ⇒ 𝑡 = −8 

𝑧(2 + 𝑖) − 8i𝑧 = 0  

𝑧 =
଼୧±ඥ(ି଼୧)మିସ(ଶା୧)(ି଼)

ଶ(ଶା୧)
  

=
଼୧±√ଷଶ୧

ଶ(ଶା୧)
  

= 2 + 2i        or       −
ଶ

ହ
+

଺

ହ
I 
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9 (a)  

(i) arg(−2𝑧ଵ) = arg(−2) + arg(𝑧ଵ) 

= 𝜋 + 𝜃  

(ii) 𝑧ଵ − 2𝑎 

= 𝑎 + (𝑎 − 3)i − 2𝑎  

= −𝑎 + (𝑎 − 3)i  

arg(𝑧ଵ − 2𝑎)  

= arg[−𝑎 + (𝑎 − 3)i]   

= −𝜋 + |𝜃|  

= −𝜋 + (−𝜃)  

= −𝜋 − 𝜃  

(b) Solution 

𝑧ଵ𝑧ଶ = (𝑎 + (𝑎 − 3)i)(1 + 3i)  

= (𝑎 − 3𝑎 + 9) + (3𝑎 + 𝑎 − 3)i  

= (−2𝑎 + 9) + (4𝑎 − 3)i  

∴ lm (𝑧ଵ𝑧ଶ) = 4𝑎 − 3  

|𝑧ଵ𝑧ଶ|ଶ = |𝑧ଵ|ଶ|𝑧ଶ|ଶ = (𝑎ଶ + (𝑎 − 3)ଶ)(1ଶ + 3ଶ)  

= 10(2𝑎ଶ − 6𝑎 + 9)  

∴
|௭భ௭మ|మ

୪୫ (௭భ௭మ)
≤ 10  

ଵ଴൫ଶ௔మି଺௔ାଽ൯

ସ௔ିଷ
≤ 10  

ଶ௔మି଺௔ାଽ

ସ௔ିଷ
≤ 1  

ଶ௔మି଺௔ାଽ

ସ௔ିଷ
− 1 ≤ 0  

ଶ௔మିଵ଴௔ାଵଶ

ସ௔ିଷ
≤ 0  

ଶ(௔మିହ௔ା଺)

ସ௔ିଷ
≤ 0  

ଶ(௔ିଶ)(௔ିଷ)

ସ௔ିଷ
≤ 0  

∴ 𝑎 <
ଷ

ସ
     or     2 ≤ 𝑎 ≤ 3 

Since −
గ

ଶ
< arg 𝑧ଵ < 0,   ∴ 𝑙𝑚(𝑧ଵ) = 𝑎 − 3 < 0  

Also, it is given that 𝑎 > 0 

Hence 0 < 𝑎 < 3 

∴  required range of values of a is  

0 < 𝑎 <
ଷ

ସ
     or     2 ≤ 𝑎 < 3 

 

  

−𝑎 𝑎 
|𝜃| 𝜃 

𝑎 − 3 

−𝜋 − 𝜃 

𝑧ଵ − 2𝑎 ≡ (−𝑎, 𝑎 − 3) 

𝑧ଵ ≡ (−𝑎, 𝑎 − 3) 
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10 (i) |𝑧ଵ| = 2       |𝑧ଶ| = 2 

(ii) arg(𝑧ଵ) =
గ

଺
                 arg(𝑧ଶ) =

ଶగ

ଷ
 

 

∴ ∠𝑃𝑂𝑄 =
ଶగ

ଷ
−

గ

଺
=

గ

ଶ
  

(iii) 𝑧ଵ + 𝑧ଶ = ൫√3 − 1൯ + ൫−1 + √3൯i 

Since |𝑧ଵ| = |𝑧ଶ| = 2, a square is formed. 

∠𝑅𝑂𝑃 =
గ

ସ
. ∴ arg(𝑧ଵ + 𝑧ଶ) =

గ

ସ
+

గ

଺
=

ହగ

ଵଶ
  

 

arg(𝑧ଵ + 𝑧ଶ) =
ହగ

ଶ
  

tanିଵ ቀ
ିଵା√ଷ

√ଷିଵ
ቁ =

ହగ

ଵଶ
  

tan
ହగ

ଵଶ
=

ିଵା√ଷ

√ଷିଵ
  

 

 

 


