
 

Page 1 
 

           Paradigm Specialising in O & A Level Mathematics 

Maths Secrets  

MUST KNOW QUESTIONS ACE 
Vectors 

Vector Algebra (Dot / Cross Product, Geometrical Interpretations) 

1 [VJC/2021/P1/Q5] 

With reference to the origin O, three points 𝐴, 𝐵 and 𝐶 have non-zero position vectors 

 a, b and c respectively, such that 𝐚 + 𝐛 + 𝐜 = 𝟎. 

(i) Show that 𝐚 × 𝐛 = 𝐛 × 𝐜.          [2] 
(ii) If ∠𝐴𝑂𝐵 = 180°, describe the geometrical relationship between the  

points A, B and C.           [1]  

It is given instead that 0° <   ∠𝐴𝑂𝐵 < 90° and  ∠𝐵𝑂𝐶 =  2 ∠𝐴𝑂𝐵. 

(iii) By considering the magnitudes of the vectors on both sides of the  
equation in part (i), show that (𝐚 + 2𝐜). (𝐚 − 2𝐜)  < 0.      [4] 

The points A, B and C lie in the plane p which has a normal parallel to the unit  

vector n.  

(iv) Given that p has equation 𝐫. 𝐧 = 𝑘, state the value of 𝑘. Justify your answer. [1]  

2 [NJC/2022/P1/Q3] 

Relative to the origin O, points A, B and C have position vectors a, b and 

3𝐚 −  4𝐛 respectively, where a and b are non-zero and non-parallel. 

(i) Given that OAB is an equilateral triangle, show that 𝒂 • 𝒃 = 𝑘|𝒂|𝟐,  
where k is a constant to be determined.        [2] 

(ii) Deduce whether OA and AC are perpendicular.       [2] 
(iii) Interpret geometrically the vector equation 𝒓 × (𝒃 − 𝒂)  =  𝒂 × (𝒃 − 𝒂).      [2] 

3 [HCI/2023/P1/Q8] 

Relative to the origin O, two points A and B have position vectors given by 

𝐚 =  𝟐𝐢 − 𝐣 and 𝐛 =  𝛼𝐤 respectively, where 𝛼 is a negative real constant. 
(a) Find the angle between OA and OB.         [1] 

 Let ∡𝑂𝐵𝐴 = 𝜃, where 𝜃 is in degrees. It is given that  sin 𝜃 =
ଵ

ଶ
 . 

(b) Find the two possible values of 𝜃, and justify which of the two values 
is the correct value of 𝜃.          [2] 

(c) By considering a suitable scalar product, find the exact value of 𝛼 .                  [3] 

A point C has position vector c such that 𝐜 = 𝐛 − 𝐚.    

(d) State the shape of the quadrilateral OABC, justifying your answer.  
Find the exact area of the quadrilateral OABC.       [3] 
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4 [RI/2018/P2/Q3] 

The position vectors of the points U and V with respect to the origin O  

are u and v respectively, where u and v are non-zero and non-parallel vectors. 

(i) Show that (𝐮 + 𝐯) × (𝐯 − 𝟐𝐮) can be written as 𝑘(𝐮 × 𝐯),  
where k is a constant to be determined, justifying your working.     [2] 

The vectors u and v are now given by 

𝐮 = 𝐢 − 𝐣 + 2𝐤 and 𝐯 = 𝑎𝐢 + 𝑏𝐣, 
where a and b are constants. 

(ii) If 𝑎 = 2 and 𝑏 = 3, find a unit vector parallel to (𝐮 + 𝐯) × (𝐯 − 𝟐𝐮).     [2] 
(iii) If v is perpendicular to the vector 𝐢 − 2𝐣 + 3𝐤, find v in terms of i, j, k  

and b. Interpret the solution geometrically.         [3] 

5 [SAJC/2018/P1/Q6] 

Relative to the origin O, the position vectors of points A and B are a and 

b respectively, where a and b are non-zero and non-parallel vectors.  

The point C with position vector c lies on the line segment AB such that 

 AC: CB is 𝜆: 1 − 𝜆. It is given that b is a unit 

vector, |𝐚| =
ସ

ଷ
 and the angle formed between OA and OB is 120°. 

(i) Find the value of 𝜆 such that the points O, A and C form a right-angle AOC.   [2] 
(ii) Find m, the position vector of M, the midpoint of AC, in terms of a and b.     [2] 

A circle is drawn with AC as its diameter and O is a point on the circumference  

of the circle drawn. 

(iii) Determine if OB is a tangent to the circle described above.       [2] 
(iv) Give a geometrical interpretation of |b•m|. Hence, explain (b•m) b in terms 

 of its magnitude and direction.          [2] 
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Points, Lines & Planes 

6 [J82/P1/Q5] 

The position vectors of points A and B with respect to an origin O are a and b respectively. 
Show that, for all values of the real constant 𝜆, the point P with position vector p given 
by 𝐩 = λ 𝐚 + (1 −  λ)𝐛 is collinear with A and B. 

(i) Show that the point Q with position vector q given by 𝐪 = 3𝐚 − 2𝐛 lies on BA 
produced, and find the ratio QA:QB. 

(ii) The point R has position vector r given by 𝐫 = 3𝐚 + 5𝐛. Find the position vector 
of the point where OR meets AB (produced if necessary). 

7 [YIJC/2021/P2/Q4] 

The line has equation 
௫ାଵ

ଶ
=

௬ି௔

௕
=

௭ିସ

ଷ
 . The plane p has equation 𝑥 + 𝑦 − 𝑧 − 11 = 0. 

(i) If I and p do not intersect, what can be said about the values of a and b?     [3] 

For the rest of the question, use 𝑎 = −2 and 𝑏 = 1. 

(ii) Find the coordinates of the point B, the foot of perpendicular from the point 
𝐴(−1, 𝑎, 4) to p.            [2] 

(iii) Hence, or otherwise, find a vector equation of the line of reflection of 𝑙 in p.  [2] 
(iv) Find the possible position vectors of the point C on 𝑙 which is a distance of 

√164 from B.              [3] 
(v) Find the angle BCA.            [2] 

8 [EJC/2022/P1/Q7] 

The line 𝑙, has equation 𝐫 = 11𝐢 − 3𝐣 − 𝐤 +  λ(𝐢 −  𝐣 + 2𝐤), where λ is a parameter. 
The point A has coordinates (2,0, −1) 

(a) The plane p contains the line 𝑙, and the point A.  
Find a cartesian equation of the plane p.           [3]                                

(b) Find the position vector of the point A', the reflection of the point A in the line 𝑙.  [4]                                                                                                           

The line 𝑙ଶ passes through the point A, and is perpendicular to the line 𝑙ଵ.  

Planes p and q are perpendicular planes such that p and q meet at line 𝑙ଶ.  
   

(c) Find a vector equation of the line 𝑙ଶ.                     [2] 
(d) The plane Π is such that Π contains the point (11, −3, −1) and is parallel to q.  

Find the perpendicular distance between Π and q.        [2] 
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9 [N2014/P1/Q9] 

Planes p and q are perpendicular. Plane p has equation 𝑥 + 2𝑦 − 3𝑧 = 12. Plane q 

contains the line with equation 
𝒙ିଵ

ଶ
=

௬ାଵ

ିଵ
=

௭ିଷ

ସ
. The point A on 𝑙 has coordinates 

(1, −1,3). 

(i) Find a cartesian equation of q.      [4] 
(ii) Find a vector equation of the line m where p and q meet.   [4] 

(iii) B is a general point on m. Find an expression for the square of the  
distance AB. Hence, or otherwise, find the coordinates of the point  
on m which is nearest to A.       [5] 

10 [RI/2023/P2/Q4] 

With reference to the origin O, the points A and B are such that 𝐚 =  𝑂𝐴ሬሬሬሬሬ⃗  and         

𝐛 =  𝑂𝐵ሬሬሬሬሬ⃗ , where a and b are two non-zero and non-parallel vectors.  

(a) Show that the vector 

𝐧 = (𝐚 • 𝐛)𝐚 − (𝐚 • 𝐚) 𝐛 

is perpendicular to a and is parallel to the plane OAB.      [4] 

The vectors a and b are now given by 

𝐚 = 𝐢 + 𝐣 + 𝐤 and 𝐛 =  2𝐢 + 𝐣 + 3𝐤. 

(b) Find a unit vector m which is perpendicular to a and is parallel to plane  
OAB.            [2]  

(c) Find the coordinates of the point of intersection between the line OA and the 
line which passes through point B and is parallel to m.     [2] 

(d) Hence, or otherwise, find an equation of the line which is a reflection of the 
line OB in the line OA.         [3] 
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Application Questions 

11 [NYJC/2021/P1/Q10] 

One day, Eddie came home from a birthday party and brought back a helium filled 
balloon. After playing with it, he accidentally released the balloon at the point (1, 2, 3) 
and it floated vertically upwards at a speed of 1 unit per second. Shortly after t seconds, 
a sudden gust of wind caused the balloon to move in the direction of 𝐢 + 4𝐣 + 6𝐤. 

You may assume that 𝑧 =  0 refers to the horizontal ground. 

(i) Find the angle in which the balloon has changed in direction after 3 
the gust of wind blew it away.         [3]  

(ii) Find the Cartesian equation of the plane that the balloon is moving along.         [3]  
(iii) Given that the balloon eventually stayed at the point (2, 6, 12) on  

the ceiling, find the time t when the gust of wind blew the balloon away.   [3] 

Eddie decides to shoot the balloon down with his catapult. 

(iv) Assume he was holding his catapult at (3, 2, 1) initially and he walked  
along the path parallel to 2𝐢 + 𝐣. Find the position vector of the point  
where he should place his catapult so that the distance between his  
catapult and the balloon is at its minimum. Hence find this distance.   [4] 
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12 [ACJC/2022/P1/Q11] 

(In this question you may assume that a laser beam travels in a straight line.) 

 

 

 

 

 

 

 

A laser pointer is used to fire a beam in the direction ൬ିଶ
ଶ
ଵ

൰  from point A with coordinates 

(4, –5, 10). The beam is reflected at point P off the surface of the mirror 𝜋ଵ which then, 

strikes a target plane 𝜋ଶ at point С as shown in the diagram. It is given that the equation 

of the plane 𝜋ଵ is 𝐫 • ൬
଴
ଵ
ଷ

൰ = 5. 

(i) Show that the coordinates of the point P is (12, –13, 6).     [3] 

It is given that the angle between AP and the normal to 𝜋ଵ at P is equal to the angle 
between PC and the same normal. 

(ii) Find the vector 𝐴𝐹ሬሬሬሬሬ⃗ , where F is the foot of perpendicular from A to the 
normal to 𝜋ଵ at P.          [3] 

(iii) Find the vector equation of the line PC.       [3] 
Express the vector equation of the line PC in the form (𝐫 − 𝐚) × 𝐛 =  𝟎,  
where a and b are constant vectors.                                                                            [1] 

The equation of the target plane 𝜋ଶ is 𝐫 • ൬
ଶ
ଵ
ଶ
൰ = 1 

(iv) Show that the laser beam AP is parallel to 𝜋ଶ.      [1] 
(v) Find the shortest distance between the laser beam AP and 𝜋ଶ.    [3] 
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13 [NYJC/2023/P1/Q10] 

At a theme park, the management decides to introduce a zipline adventure where a 
person can travel down from the top to the bottom of an inclined zipline on a pulley 
system, above a flat horizontal field. 

Points are defined relative to an origin (0, 0, 0) on the flat horizontal field, where units 
are metres. The x-, y- and z-axes are in the directions of east, north and vertically 
upwards respectively. The zipline is above a flat horizontal field modelled by the 
equation z = 0. A take-off point is located at (50, 50, 100) on a vertical tower and an 
anchor point lies on another vertical tower as shown in the diagram below. The zipline 
is assumed to be taught at all times and the width of the zipline can be neglected. 

(a) The anchor point lies on a cable modelled by the equation 𝐫 = ൬
25
20
20

൰ + 𝜇 ቀ
2
1
2
ቁ , 𝜇 𝜖 ℝ. 

Given that the zipline is 100m long with one end attached to the take-off point,  
find the coordinates of the anchor point, giving your answer correct to 2  
decimal places.           [4] 

Due to safety reasons, the theme park management decides to relocate the anchor point 

and the new zipline follows an equation 𝐫 = ൬
50
50

100

൰ + 𝛽 ቀ
3
0
1
ቁ , 𝛽 𝜖 ℝ 

(b) Find the length of projection of the new zipline onto the field, given that  
the new zipline is also 100m long.        [3] 

(c) A flat safety net is to be constructed below the new zipline such that it is  

parallel to both the new zipline and the vector ൬ଵ
ଷ
ସ
൰. At the same time, the flat  

safety net is to keep a distance of 5m from the new zipline at all times.  
Find the cartesian equation modelled by the flat safety net.     [3] 

(d) If the zipline can be modelled by the equation 𝐫 = ൬
50
50

100
൰ + 𝜆 ቀ

𝑎
0
𝑐
ቁ , 𝜆 𝜖 ℝ,  

what can be said about the values of 𝜆, a and c?       [3] 
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Solutions 

1 (i)                      𝐚 + 𝐛 + 𝐜 = 𝟎 
           (𝐚 + 𝐛 + 𝐜) × 𝐛 = 𝟎 × 𝐛 
𝐚 × 𝐛 + 𝐛 × 𝐛 + 𝐜 × 𝐛 = 𝟎 
       𝐚 × 𝐛 + 𝟎 + 𝐜 × 𝐛 = 𝟎 
                            𝐚 × 𝐛 = −(𝐜 × 𝐛) 
                                      = 𝐛 × 𝐜 

(ii) A, B and C are collinear (lie on a straight line) 

(iii) 𝐚 × 𝐛 = 𝐛 × 𝐜 (from part i) 
|𝐚||𝐛|sin∠𝐴𝑂𝐵 = |𝐛||𝐜|sin∠𝐵𝑂𝐶  
     |𝐚|sin∠𝐴𝑂𝐵 = |𝐜|sin (2∠𝐴𝑂𝐵)  (since |𝐛| ≠ 0) 
                           = 2|𝐜|sin∠𝐴𝑂𝐵cos∠𝐴𝑂𝐵 
                     |𝐚| = 2|𝐜|cos∠𝐴𝑂𝐵    (since sin∠𝐴𝑂𝐵 ≠ 0) 
                        0 = |𝐚|ଶ − 4|𝐜|ଶcosଶ∠𝐴𝑂𝐵 
                    |𝐚|ଶ = 4|𝐜|ଶcosଶ∠𝐴𝑂𝐵 
(𝐚 + 𝟐𝐜) · (𝐚 − 𝟐𝐜) 
= 𝐚 · 𝐚 + (𝟐𝐜) · 𝐚 − 𝐚 · (𝟐𝐜) + (𝟐𝐜) · (𝟐𝐜) 
= |𝐚|ଶ − 4|𝐜|ଶ 
= 4|𝐜|ଶcosଶ∠𝐴𝑂𝐵 − 4|𝐜|ଶ 
= 4|𝐜|ଶ(cosଶ∠𝐴𝑂𝐵 − 1) 
= 4|𝐜|ଶ(−sinଶ∠𝐴𝑂𝐵) < 0(∴ |𝐜|ଶ ≥ 0 and sinଶ ∠𝐴𝑂𝐵 > 0) 

(iv) 𝑘 = 0 since the origin O is in the plane p. 

2 (i) Given that OAB is an equilateral triangle,  

|𝐚| = |𝐛| and ∠𝐴𝑂𝐵 =
஠

ଷ
. 

𝐚 · 𝐛 = |𝐚||𝐛|cos∠𝐴𝑂𝐵 

= |𝐚|ଶcos ቀ
π

3
ቁ 

=
1

2
|𝐚|ଶ 

(ii) 𝐴𝐶ሬሬሬሬሬ⃗  

= 𝑂𝐶ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗  
= 3𝐚 − 4𝐛 − 𝐚 
= 2𝐚 − 4𝐛 

𝑂𝐴ሬሬሬሬሬ⃗ · 𝐴𝐶ሬሬሬሬሬ⃗  
= 𝐚 · (2𝐚 − 4𝐛) 
= 2𝐚 · 𝐚 − 4𝐚 · 𝐛 

= 2|𝐚|ଶ − 4 ൬
1

2
|𝐚|ଶ൰ 

= 2|𝐚|ଶ − |𝐚|ଶ 
= 0 

Since 𝑂𝐴ሬሬሬሬሬ⃗ · 𝐴𝐶ሬሬሬሬሬ⃗ = 0, 
∴ 𝑂𝐴 and 𝐴𝐶 are perpendicular 

(iii) 𝐫 × (𝐛 − 𝐚) = 𝐚 × (𝐛 − 𝐚) 
𝐫 × (𝐛 − 𝐚) − 𝐚 × (𝐛 − 𝐚) = 𝟎 
(𝐫 − 𝐚) × (𝐛 − 𝐚) = 𝟎 
𝐫 − 𝐚 = 𝛌(𝐛 − 𝐚) 

𝐫 = 𝐚 + 𝛌(𝐛 − 𝐚) = 𝑂𝐴ሬሬሬሬሬ⃗ + 𝛌 𝑂𝐵ሬሬሬሬሬ⃗  
 
The equation represents the line AB and r represents the position vector of a variable point on 
this line. 
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3 (a) 𝑂𝐴ሬሬሬሬሬ⃗ . 𝐴𝐵ሬሬሬሬሬ⃗ = ൬
ଶ

ିଵ
଴

൰ · ൬
଴
଴
ఈ

൰ = 0 

∴ OA and OB are perpendicular. 
∴ ∡𝐴𝑂𝐵 = 90° 

(b) sin𝜃 =
ଵ

ଶ
 

∴ 𝜃 = 30°     𝑜𝑟 𝜃 = 150°  
Method 1: (using right-angle ⊿OAB) 
Since OA ⊥OB, ∴ ⊿OAB is a right-angle △. 
Hence ∡𝑂𝐵𝐴 and ∡𝐴𝑂𝐵 must be acute. 
∴ 𝜃 = 30° 

Method 2: (using dot product 𝐴𝐵ሬሬሬሬሬ⃗ . 𝑂𝐵ሬሬሬሬሬ⃗ ) 

𝐴𝐵ሬሬሬሬሬ⃗ = 𝑂𝐵ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗ = ൭
0
0
𝛼

൱ − ൭
2

−1
0

൱ = ൭
−2
1
𝛼

൱ 

Since 𝐴𝐵ሬሬሬሬሬ⃗ . 𝑂𝐵ሬሬሬሬሬ⃗ = ቀ
ିଶ
ଵ
ఈ

ቁ · ൬
଴
଴
ఈ

൰ = 𝛼ଶ > 0, and |𝐴𝐵ሬሬሬሬሬ⃗ ||𝑂𝐵|ሬሬሬሬሬሬሬ⃗  cos𝜃 

∴ cos θ > 0 ⟹ θ is acute 
Hence 𝜃 = 30° 

(c) 𝐴𝐵ሬሬሬሬሬ⃗ . 𝑂𝐵ሬሬሬሬሬ⃗ = |𝐴𝐵ሬሬሬሬሬ⃗ ||𝑂𝐵|ሬሬሬሬሬሬሬ⃗ cos30° 

𝛼ଶ = ቀඥ5 + 𝛼ଶቁ |𝛼| ቆ
√3

2
ቇ 

2𝛼ଶ = |𝛼|ඥ5 + 𝛼ଶ√3 

2𝛼ଶ = |𝛼|ඥ15 + 3𝛼ଶ 

2|𝛼| = |𝛼|ඥ15 + 3𝛼ଶ 

2|𝛼| = ඥ15 + 3𝛼ଶ 
4𝛼ଶ = 15 + 3𝛼ଶ 
𝛼ଶ = 15 

𝛼 = ±√15    (reject +√15 since 𝛼 <0) 

∴ 𝛼 = −√15 

(d) 𝒄 = 𝒃 − 𝒂 

𝑂𝐶ሬሬሬሬሬ⃗ = 𝑂𝐵ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗ = 𝐴𝐵ሬሬሬሬሬ⃗  

∴ 𝑂𝐶ሬሬሬሬሬ⃗ ||𝐴𝐵ሬሬሬሬሬ⃗  

𝐶𝐵ሬሬሬሬሬ⃗ = 𝑂𝐵ሬሬሬሬሬ⃗ − 𝑂𝐶ሬሬሬሬሬ⃗  

= 𝑂𝐵ሬሬሬሬሬ⃗ − 𝐴𝐵ሬሬሬሬሬ⃗  

= 𝑂𝐵ሬሬሬሬሬ⃗ − (𝑂𝐵ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗ ) 

= 𝑂𝐴ሬሬሬሬሬ⃗  

∴ 𝐶𝐵ሬሬሬሬሬ⃗ ||𝑂𝐴ሬሬሬሬሬ⃗  

Since 𝑂𝐶ሬሬሬሬሬ⃗ ||𝐴𝐵ሬሬሬሬሬ⃗  and 𝐶𝐵ሬሬሬሬሬ⃗ ||𝑂𝐴ሬሬሬሬሬ⃗ , 
∴ 𝑂𝐴𝐵𝐶 is a parallelogram. 

ห𝑂𝐴ሬሬሬሬሬ⃗ × 𝑂𝐶ሬሬሬሬሬ⃗ ห = |𝑂𝐴ሬሬሬሬሬ⃗ × 𝐴𝐵|ሬሬሬሬሬሬሬ⃗  

= ቮ൭
2

−1
0

൱ × ቌ
−2
1

−√15

ቍቮ 

= ቮቌ
√15

2√15
0

ቍቮ 

= ඥ15 + 2ଶ(15) + 0 

= √75 

= 5√3 unitଶ 
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4 (i) (𝐮 + 𝐯) × (𝐯 − 𝟐𝐮) = (𝐮 × 𝐯) − 2(𝐮 × 𝐮) + (𝐯 × 𝐯) − 2(𝐯 × 𝐮) 
= (𝐮 × 𝐯) + 2(𝐮 × 𝐯) 
(𝐮 × 𝐮 = 𝟎,   𝐯 × 𝐯 = 𝟎,   𝐯 × 𝐮 = −(𝐮 × 𝐯)) 
= 𝟑(𝐮 × 𝐯) 
∴ 𝑘 = 3 

(ii) 𝐮 × 𝐯 = ൬
ଵ

ିଵ
ଶ

൰ × ൬
ଶ
ଷ
଴
൰ = ൬

ି଺
ସ
ହ

൰ 

A unit vector parallel to (𝐮 + 𝐯) × (𝐯 − 2𝐮) is = ±
ଵ

√଻଻
൬

ି଺
ସ
ହ

൰. 

(iii) Since v is perpendicular to the vector 𝐢 − 2𝐣 + 3𝐤, 

൭
𝑎
𝑏
0

൱ · ൭
1

−2
3

൱ = 0 

𝑎 − 2𝑏 = 0 
𝑎 = 2𝑏 

𝐯 = ൭
2𝑏
𝑏
0

൱ = 𝑏 ൭
2
1
0

൱ 

The solution represents the position vector of any point on the line which passes 
through the origin and is parallel to the vector 2𝐢 + 𝐣. 

5 (i) Since AC:CB is 𝜆: 1 − 𝜆, 
 
 
 
 
 
 

 By Ratio Theorem,  

 𝐜 =
஛𝐛ା(ଵି஛)𝐚

஛ାଵି஛
 

 = λ𝐛 + (1 − λ)𝐚 
 Since OC is perpendicular to OA, 
 𝐜 • 𝐚 = 0 
 [λ𝐛 + (1 − λ)𝐚] • 𝐚 = 0 
 λ𝐛 • 𝐚 + (1 − λ)𝐚 • 𝐚 = 0 

 λ ቂ
ସ

ଷ
× 1 × cos120°ቃ + (1 − λ)|𝐚|ଶ = 0 , since |𝐚| =

ସ

ଷ
 

 λ ቂ
ସ

ଷ
× ቀ−

ଵ

ଶ
ቁቃ + (1 − λ) ቀ

ସ

ଷ
ቁ

ଶ

= 0 

 ቀ−
ଶ

ଷ
ቁ λ +

ଵ଺

ଽ
(1 − λ) = 0 

 −
ଶ

ଷ
λ +

ଵ଺

ଽ
−

ଵ଺

ଽ
λ = 0 

 
ଶଶ

ଽ
λ =

ଵ଺

ଽ
 

 λ =
ଵ଺

ଶଶ
=

଼

ଵଵ
 

 

A B C 

O 
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(ii) 𝐜 =
ଷ

ଵଵ
𝐚 +

଼

ଵଵ
𝐛 

By Mid-point Theorem, find 𝑂𝑀ሬሬሬሬሬሬ⃗ =m, where M is the mid-point of AC. 

𝑂𝑀ሬሬሬሬሬሬ⃗ =m 

=
𝐜 + 𝐚

2
 

=
1

2
൤

3

11
𝐚 +

8

11
𝐛 + 𝐚൨ 

=
1

2
൬

14

11
𝐚 +

8

11
𝐛൰ 

=
7

11
𝐚 +

4

11
𝐛 

(iii) 𝐦 • 𝐛 = ቀ
଻

ଵଵ
𝐚 +

ସ

ଵଵ
𝐛ቁ • 𝐛 

=
7

11
𝐚 • 𝐛 +

4

11
𝐛 • 𝐛 

=
7

11
𝐚 • 𝐛 +

4

11
|𝐛|ଶ 

 =
଻

ଵଵ
ቀ−

ଶ

ଷ
ቁ +

ସ

ଵଵ
(1)ଶ 

 = −
ଶ

ଷଷ
≠ 0 

 Since the vector b is not perpendicular to m, where OM is the radius of  
            the circle, OB is not a tangent to the circle. 
(iv) |𝐛 • 𝐦| is the length of projection of m on b.  

(𝐛 • 𝐦)𝐛 is a vector with magnitude |𝐛 • 𝐦|, which is the length of projection 

of m on b. Moreover, it is in the opposite direction of b as 𝐦 • 𝐛 = −
ଶ

ଷଷ
< 0. 

6 𝐴𝐵ሬሬሬሬሬ⃗ = 𝐛 − 𝐚 

𝐴𝑃ሬሬሬሬሬ⃗ = 𝑂𝑃ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗ = λ𝐚 + (1 − λ)𝐛 − 𝐚 = (λ − 1)𝐚 + (1 − λ)𝐛 

      = (1 − λ)(𝐛 − 𝐚) = (1 − λ)𝐴𝐵ሬሬሬሬሬ⃗  
Hence AP is parallel to AB. Since A is the common point, points A, B and P are collinear. 

(i) 𝑄𝐴ሬሬሬሬሬ⃗ = 𝑂𝐴ሬሬሬሬሬ⃗ − 𝑂𝑄ሬሬሬሬሬሬ⃗ = 𝐚 − (3𝐚 − 2𝐛) = −2𝐚 + 2𝐛 

                           = 2(𝐛 − 𝐚) = 2𝐴𝐵ሬሬሬሬሬ⃗  
Thus, Q lies on BA produced with QA : QB = 2:3 
(ii) Let C be the point where the OR meets AB (produced if necessary).  

  Then 𝑂𝐶ሬሬሬሬሬ⃗ = 𝑘𝑂𝑅ሬሬሬሬሬሬሬሬ⃗ . 

 Since points A, B and C are collinear, 𝑂𝐶ሬሬሬሬሬ⃗ = λ𝐚 + (1– λ)𝐛. 
Hence,  
𝑘𝐫 = λ𝐚 + (1– λ)𝐛 
⇒ 𝑘(3𝐚 + 5𝐛) = λ𝐚 + (1– λ)𝐛 
⇒ 3𝑘 = λ and 5𝑘 = 1 − λ 

⇒ k =
1

8
. 

∴ 𝑂𝐶ሬሬሬሬሬ⃗ =
3

8
𝐚 +

5

8
𝐛 

Q 

• 1 
B 

2 
A 
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7 (i) If 𝑙 and p do not intersect, 2 conditions have to be satisfied. 
 Condition 1: 𝑙 is parallel to p 
 Direction vector of 𝑙 is perpendicular to normal vector of p 

൭
2
𝑏
3

൱ · ൭
1
1

−1

൱ = 0 

 2 + 𝑏 − 3 = 0 

               𝑏 = 1 
Condition 2: point on 𝑙 is not on p  
Point on 𝑙 does not satisfy plane equation 

൭
−1
𝑎
4

൱ · ൭
1
1

−1

൱ ≠ 11 

    −1 + 𝑎 − 4 ≠ 11 
                     𝑎 ≠ 16 

(ii) Since B lies on p, 

𝑙஺஻: 𝒓 = ൭
−1
−2
4

൱ + s ൭
1
1

−1

൱ , 𝑠 ∈ ℝ 

𝑝: 𝒓 · ൭
1
1

−1

൱ = 11 

To find point B,  

൥൭
−1
−2
4

൱ + 𝑠 ൭
1
1

−1

൱൩ · ൭
1
1

−1

൱ = 11 

−1 + 𝑠 − 2 + 𝑠 − 4 + 𝑠 = 11 
3𝑠 = 18 
𝑠 = 6 

𝑂𝐵ሬሬሬሬሬ⃗ = ൭
−1
−2
4

൱ + 6 ൭
1
1

−1

൱ = ൭
5
4

−2

൱ 

Coordinates of B are (5,4, –2). 
(iii) Let A’ be the reflected point of A in p. 

𝑂𝐵ሬሬሬሬሬ⃗ =
𝑂𝐴′ሬሬሬሬሬሬሬ⃗ + 𝑂𝐴ሬሬሬሬሬ⃗

2
 

𝑂𝐴ᇱሬሬሬሬሬሬሬ⃗ = 2 ൭
5
4

−2

൱ − ൭
−1
−2
4

൱ = ൭
11
10
−8

൱ 

Line of reflection of 𝑙 in p: 

𝒓 = ൭
11
10
−8

൱ + λ ൭
2
1
3

൱ , λ ∈ ℝ 
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(iv) Since C is on 𝑙, 

𝑂𝐶ሬሬሬሬሬ⃗ = ൭
−1
−2
4

൱ + λ ൭
2
1
3

൱  for some λ ∈ ℝ 

𝐵𝐶ሬሬሬሬሬ⃗ = ൭
−1
−2
4

൱ + λ ൭
2
1
3

൱ − ൭
5
4

−2

൱ = ൭
−6
−6
6

൱ + λ ൭
2
1
3

൱ 

|𝐵𝐶ሬሬሬሬሬሬሬ⃗ | = √164 

ඥ(−6 + 2λ)ଶ + (−6 + λ)ଶ + (6 + 3λ)ଶ = √164 

36 − 24λ + 4λଶ + 36 − 12λ + λଶ + 36 + 36λ + 9λଶ = 164 
14λଶ − 56 = 0 
λ = −2 or λ = 2 

𝑂𝐶ሬሬሬሬሬ⃗ = ൭
−1
−2
4

൱ − 2 ൭
2
1
3

൱ = ൭
−5
−4
−2

൱ 𝑜𝑟 𝑂𝐶ሬሬሬሬሬ⃗ = ൭
−1
−2
4

൱ + 2 ൭
2
1
3

൱ =  ൭
3
0

10

൱ 

(v) Method 1 

𝐴𝐵ሬሬሬሬሬ⃗ = ൭
5
4

−2

൱ − ൭
−1
−2
4

൱ = ൭
6
6

−6

൱ 

ห𝐴𝐵ሬሬሬሬሬ⃗ ห = ඥ3(6ଶ) = √108 

sin∡𝐵𝐶𝐴 =
√108

√164
 

∡𝐵𝐶𝐴 = 54.2° (1d. p) 
Method 2 
B and the 2 points of C form an isosceles triangle.  

∴ ∡𝐵𝐶𝐴 =acute angle between 𝐵𝐶ሬሬሬሬሬ⃗  and 𝑙 

𝜆 = 2 ⇒ 𝐵𝐶ሬሬሬሬሬ⃗ = ൭
−6
−6
6

൱ + 2 ൭
2
1
3

൱ = ൭
−2
−4
12

൱ 

cos∡𝐵𝐶𝐴 =
ฬ൬

ିଶ
ିସ
ଵଶ

൰ · ൬
ଶ
ଵ
ଷ
൰ฬ

√164√2ଶ + 1ଶ + 3ଶ
 

                                  =
ଶ଼

√ଵ଺ସ√ଵସ
 

     ∡𝐵𝐶𝐴 = 54.2° (1 d.p.)  
 Method 3 

 Consider vectors 𝐵𝐶ሬሬሬሬሬ⃗  and 𝐴𝐶ሬሬሬሬሬ⃗ . 

 𝜆 = 2 ⇒ 𝐵𝐶ሬሬሬሬሬ⃗ = ൬
ି଺
ି଺
଺

൰ + 2 ൬
ଶ
ଵ
ଷ
൰ = ൬

ିଶ
ିସ
ଵଶ

൰ , 𝐴𝐶ሬሬሬሬሬ⃗ = ൬
ଷ
଴

ଵ଴
൰ − ൬

ିଵ
ିଶ
ସ

൰ = ൬
ସ
ଶ
଺
൰ 

     cos∡𝐵𝐶𝐴 =
ฬ൬

షమ
షర
భమ

൰·൬
ర
మ
ల

൰ฬ

√ଵ଺ସ√ସమାଶమା଺మ
 

                                       =
ହ଺

√ଵ଺ସ√ହ଺
 

         ∡𝐵𝐶𝐴 = 54.2° (1d.p.) 
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8 (a) Two vectors parallel to p are ൬ ଵ
ିଵ
ଶ

൰ and ൬
ଶ
଴

ିଵ
൰ − ൬

ଵଵ
ିଷ
ିଵ

൰ = 3 ൬
ିଷ
ଵ
଴

൰. 

൭
1

−1
2

൱ × ൭
−3
1
0

൱ = ൭
−2
−6
−2

൱ = −2 ൭
1
3
1

൱. 

 

So a vector normal to p is ൬ଵ
ଷ
ଵ
൰. 

Since A(2,0, –1) lies on p, equation of p is 𝐫 · ൬
ଵ
ଷ
ଵ
൰ = ൬

ଶ
଴

ିଵ
൰ · ൬

ଵ
ଷ
ଵ
൰ = 1 

 So a cartesian equation of p is 𝑥 + 3𝑦 + 𝑧 = 1. 
(b) Let G be the foot of perpendicular from A to 𝑙ଵ. 

Since G lies on 𝑙ଵ, 𝑂𝐺ሬሬሬሬሬ⃗ = ൬
ଵଵ
ିଷ
ିଵ

൰ + 𝜆 ൬
ଵ

ିଵ
ଶ

൰ for some 𝜆. 

𝐴𝐺ሬሬሬሬሬ⃗ · ൭
1

−1
2

൱ = 0 ⇒ ൥൭
11
−3
−1

൱ + 𝜆 ൭
1

−1
2

൱ − ൭
2
0

−1

൱൩ · ൭
1

−1
2

൱ = 0 

⇒ 12 + 6𝜆 − 0 = 0 
⇒ 𝜆 = −2 

Hence, 𝑂𝐺ሬሬሬሬሬ⃗ = ൬
ଽ

ିଵ
ିହ

൰. 

Using Ratio Theorem, , 𝑂𝐺ሬሬሬሬሬ⃗ =
ை஺ሬሬሬሬሬሬ⃗ ାை஺ᇱሬሬሬሬሬሬሬ⃗

ଶ
. 

∴ 𝑂𝐴′ሬሬሬሬሬሬሬ⃗ = 2𝑂𝐺ሬሬሬሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗ = 2 ൭
9

−1
−5

൱ − ൭
2
0

−1

൱ = ൭
16
−2
−9

൱. 

Alternative solution (using projection vector to find 𝑂𝐺ሬሬሬሬሬ⃗ ) 

𝐵𝐺ሬሬሬሬሬ⃗ = ൥𝐵𝐴ሬሬሬሬሬ⃗ ·
1

√6
൭

1
−1
2

൱൩
1

√6
൭

1
−1
2

൱ 

=
1

6
൥൭

−9
3
0

൱ · ൭
1

−1
2

൱൩ ൭
1

−1
2

൱ 

= −2 ൭
1

−1
2

൱ 

∴ 𝑂𝐺ሬሬሬሬሬ⃗ = −2 ൬
ଵ

ିଵ
ଶ

൰ + ൬
ଵଵ
ିଷ
ିଵ

൰ = ൬
ଽ

ିଵ
ିହ

൰.  
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(c)  

 
 
 
 
 
 
 
 

A direction vector of 𝑙ଶ is 𝐴𝐺ሬሬሬሬሬ⃗ = ൬
଻

ିଵ
ିସ

൰. 

A vector equation of 𝑙ଶ is 𝐫 = ൬
ଶ
଴

ିଵ
൰ + 𝜇 ൬

଻
ିଵ
ିସ

൰ , 𝜇 ∈ ℝ. 

Alternative solution (consider 𝑙ଶ as intersection of p and q) 
𝑥 + 3𝑦 + 𝑧 = 1 ---- (1) 

𝐫 · ൬
ଵ

ିଵ
ଶ

൰ = ൬
ଶ
଴

ିଵ
൰ · ൬

ଵ
ିଵ
ଶ

൰ = 0 ⇒ 𝑥 − 𝑦 + 2𝑧 = 0 ---- (2) 

Using GC to solve (1) and (2),  

An equation of 𝑙ଶ is 𝐫 = ቌ

భ

ర
భ

ర
଴

ቍ +  𝜇 ቌ
ି

ళ

ర
భ

ర
ଵ

ቍ , 𝜇 ∈ ℝ. 

(d) Note that the points G(9, –1, –5) on q and B(11, –3, –1) on ∏, lie on the same 
line 𝑙ଵ, and 𝑙ଵ  is perpendicular to both q and ∏. 

Perpendicular distance between ∏ and q = ห𝐺𝐵ሬሬሬሬሬ⃗ ห = ฬ൬
ଵଵ
ିଷ
ିଵ

൰ − ൬
ଽ

ିଵ
ିହ

൰ฬ = ฬ൬
ଶ

ିଶ
ସ

൰ฬ =

2√6 units 
Alternative solution (using formula) 

Plane ∏: 𝐫 · ൬
ଵ

ିଵ
ଶ

൰ = ൬
ଵଵ
ିଷ
ିଵ

൰ · ൬
ଵ

ିଵ
ଶ

൰ = 12 

Plane q:  𝐫 · ൬
ଵ

ିଵ
ଶ

൰ = 0 

Perpendicular distance =
|ௗభିௗమ|

|௡|
=

|ଵଶି଴|

ฬ൬
భ

షభ
మ

൰ฬ
=

ଵଶ

√଺
 unit 

Alternative solution (using projection of 𝐴𝐵ሬሬሬሬሬ⃗  on normal) 

Perpendicular distance =
ฬ஺஻ሬሬሬሬሬ⃗ ·൬

భ
షభ
మ

൰ฬ

ฬ൬
భ

షభ
మ

൰ฬ
=

ฬ൬
వ

షయ
బ

൰·൬
భ

షభ
మ

൰ฬ

ฬ൬
భ

షభ
మ

൰ฬ
=

ଵଶ

√଺
 units 

Alternative solution (using cross product) 

 Perpendicular distance =
ห஺஻ሬሬሬሬሬ⃗ ×஺ீሬሬሬሬሬ⃗ ห

ห஺ீሬሬሬሬሬ⃗ ห
=

ฬ൬
వ

షయ
బ

൰×൬
ళ

షభ
షర

൰ฬ

ฬ൬
ళ

షభ
షర

൰ฬ
=

ฬ൬
భమ
యల
భమ

൰ฬ

ฬ൬
ళ

షభ
షర

൰ฬ
=

√ଵହ଼ସ

√଺଺
= √24 units 

 
 



 

Page 16 
 

           Paradigm Specialising in O & A Level Mathematics 

Maths Secrets  

9 
p : 𝐫 · ൬

ଵ
ଶ

ିଷ
൰ = 12,  l : 𝐫 · ൬

ଵ
ିଵ
ଷ

൰ + 𝜆 ൬
ଶ

ିଵ
ସ

൰ , 𝜆 ∈ ℝ 

(i) ൬
ଵ
ଶ

ିଷ
൰ × ൬

ଶ
ିଵ
ସ

൰ = ൬
ହ

ିଵ଴
ିହ

൰ = −5 ൬
ିଵ
ଶ
ଵ

൰ 

q : 𝐫 · ൬
ିଵ
ଶ
ଵ

൰ = ൬
ଵ

ିଵ
ଷ

൰ · ൬
ିଵ
ଶ
ଵ

൰ = −1 − 2 + 3 = 0 

Therefore the Cartesian equation of q is −𝑥 + 2𝑦 + 𝑧 = 0   

(ii) Using GC, m : 𝐫 · ൬
଺
ଷ
଴
൰ + 𝜇 ൬

ସ
ଵ
ଶ
൰ , 𝜇 ∈ ℝ 

(iii)𝑂𝐵ሬሬሬሬሬ⃗ = ቆ
଺ାସఓ
ଷାఓ
ଶఓ

ቇ 

𝐴𝐵ሬሬሬሬሬ⃗ = ቌ
6 + 4𝜇 − 1
3 + 𝜇 + 1

2𝜇 − 3

ቍ = ቌ
5 + 4𝜇
4 + 𝜇

2𝜇 − 3

ቍ 

Let 𝑦 = ห𝐴𝐵ሬሬሬሬሬ⃗ ห
ଶ

= (5 + 4𝜇)ଶ + (4 + 𝜇)ଶ + (2𝜇 − 3)ଶ 
𝑑𝑦

𝑑𝜇
= 8(5 + 4𝜇) + 2(4 + 𝜇) + 4(2𝜇 − 3) = 0 

⇒ 40 + 32𝜇 + 8 + 2𝜇 + 8𝜇 − 12 = 0 
  

⇒ 42𝜇 = −36 

∴ 𝜇 = −
6

7
 

ௗమ௬

ௗఓమ = 32 + 2 + 8 = 42 > 0 ⇒ 𝜇 = −
଺

଻
 gives the min value of y. 

Coordinates of required point  

 = ൬6 + 4 ቀ−
଺

଻
ቁ , 3 −

଺

଻
, 2 ቀ−

଺

଻
ቁ൰ = ቀ

ଵ଼

଻
,

ଵହ

଻
, −

ଵଶ

଻
ቁ 
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10 (a) If n is perpendicular to a, 𝐧 · 𝐚 = 0. 
[(𝐚 · 𝐛)𝐚 − (𝐚 · 𝐚)𝐛] · 𝐚 
= (𝐚 · 𝐛)𝐚 · 𝐚 − (𝐚 · 𝐚)𝐛 · 𝐚 
= 0 since    𝐚 · 𝐛 = 𝐛 · 𝐚    (shown) 
If n is parallel to plane OAB, it perpendicular to a×b since a×b is perpendicular 
to plane OAB. 
i.e n·(a×b) = 0 
[(𝐚 · 𝐛)𝐚 − (𝐚 · 𝐚)𝐛] ·(a×b) 
= (𝐚 · 𝐛)𝐚 ·(𝐚 ×b)−(𝐚 · 𝐚)𝐛 ·(a×b) 
= 0 since    𝐚 ⊥ 𝐚 × 𝐛 and 𝐛 ⊥ 𝐚 × 𝐛    (shown) 
OR: 
Since n is a linear combination of non-zero and non-parallel vectors a and b, n 
lies on the same plane as a and b i.e plane OAB. Hence n is parallel to the plane 
OAB. 

(b) 𝐧 = (𝐚 · 𝐛)𝐚 − (𝐚 · 𝐚)𝐛 

= ൥൭
1
1
1

൱ · ൭
2
1
3

൱൩ ൭
1
1
1

൱ − ൥൭
1
1
1

൱ · ൭
1
1
1

൱൩ ൭
2
1
3

൱ 

= 6 ൭
1
1
1

൱ − 3 ൭
2
1
3

൱ = ൭
0
3
3

൱ = 3 ൭
0
1

−1

൱ 

𝐦 =
1

√2
൭

0
1

−1

൱       or 𝐦 =
1

√2
൭

0
−1
1

൱ 

OR: 

Let vector parallel to 𝐦 be ൬
௫
௬
௭
൰. 

Then, ൬௫
௬
௭
൰ · ൬

ଵ
ଵ
ଵ
൰ = 0 ⇒  𝑥 + 𝑦 + 𝑧 = 0 ---- (1) 

Also, 

൭
𝑥
𝑦
𝑧

൱ · ൥൭
1
1
1

൱ × ൭
2
1
3

൱൩ = 0 

൬
௫
௬
௭
൰ · ൬

ଶ
ିଵ
ିଵ

൰ = 0 ⇒  2𝑥 − 𝑦 − 𝑧 = 0 ---- (2) 

(1) +(2): 𝑥 = 0 
Then  
𝑦 + 𝑧 = 0 ⇒ 𝑦 = −𝑧 
If 𝑦 = 1, then 𝑧 = −1 

Hence 𝐦 =
ଵ

√ଶ
൬

଴
ଵ

ିଵ
൰. 
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(c) Line OA: 𝐫 = 𝜆 ൬
ଵ
ଵ
ଵ
൰ , 𝜆 ∈ ℝ 

Let 𝑙 be the line which passes through point B and is parallel to m. 

𝑙: 𝐫 = ൭
2
1
3

൱ + 𝜇 ൭
0
1

−1

൱ , 𝜇 ∈ ℝ 

When line OA intersects 𝑙, 

𝜆 ൭
1
1
1

൱ = ൭
2
1
3

൱ + 𝜇 ൭
0
1

−1

൱ 

𝜆 = 2 
𝜆 = 1 + 𝜇 ⇒ 𝜇 = 1 
𝜆 = 3 − 𝜇 ⇒ 𝜇 = 1 
∴ Coordinates of point intersection are (2,2,2)  
OR : Find foot of perpendicular of B to line OA.  

(d) Note that m//n and n is perpendicular to a. 
Thus, line 𝑙 is perpendicular to line OA. 
 
By Ratio Theorem, 

𝑂𝐹ሬሬሬሬሬ⃗ =
ை஻ሬሬሬሬሬሬ⃗ ାை஻ሬሬሬሬሬሬሬ⃗

ଶ
   

𝑂𝐵ᇱሬሬሬሬሬሬሬ⃗ = 2𝑂𝐹ሬሬሬሬሬሬሬሬ⃗ − 𝑂𝐵ሬሬሬሬሬ⃗   

= 2 ൭
2
2
2

൱ − ൭
2
1
3

൱ = ൭
2
3
1

൱ 

Equation of line of reflection is 𝐫 = 𝛽 ൬
ଶ
ଷ
ଵ
൰ , 𝛽 ∈ ℝ 

∴ A Cartesian equation of the line of reflection is 
௫

ଶ
=

௬

ଷ
= 𝑧. 

11 
(i) 𝑐𝑜𝑠𝜃 =

൬
బ
బ
భ

൰·൬
భ
ర
ల

൰

√ଵమାସమା଺మ
=

଺

√ହଷ
 

𝜃 = 34.5° 

(ii) 𝐫 = ൬
ଵ
ଶ
ଷ
൰ + 𝑡 ൬

଴
଴
ଵ
൰ + 𝑠 ൬

ଵ
ସ
଺
൰ 

𝐧 = ൭
0
0
1

൱ × ൭
1
4
6

൱ = ൭
−4
1
0

൱ 

𝐫 · ൭
−4
1
0

൱ = ൭
1
2
3

൱ · ൭
−4
1
0

൱ = −2 

−4𝑥 + 𝑦 = −2 

(iii)൬ ଶ
଺

ଵଶ
൰ = ൬

ଵ
ଶ
ଷ
൰ + 𝑡 ൬

଴
଴
ଵ
൰ + 𝑠 ൬

ଵ
ସ
଺
൰ 

2 = 1 + 𝑠 ⇒ 𝑠 = 1 
12 = 3 + 𝑡 + 6(1) ⇒ 𝑡 = 3 
 

(2,2,2) 

B 

𝑙ை஺ 
F O 

B’ 
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(iv) 𝑙: 𝐫 = ൬
ଷ
ଶ
ଵ
൰ + 𝜆 ൬

ଵ
ଶ
଴
൰ , 𝜆 ∈ ℝ 

𝑂𝐹ሬሬሬሬሬ⃗ = ൭
3
2
1

൱ + 𝜆 ൭
1
2
0

൱ 

Let the final position vector of balloon be X. 

𝑋𝐹ሬሬሬሬሬ⃗ · ൭
2
1
0

൱ = 0 

ቌ൭
3
2
1

൱ + 𝜆 ൭
1
2
0

൱ − ൭
2
6

12

൱ቍ · ൭
2
1
0

൱ = 0 

2 − 4 + 𝜆 + (4 + 1) = 0 

𝜆 =
2

5
 

𝑂𝐹ሬሬሬሬሬ⃗ = ൭
3
2
1

൱ +
2

5
൭

1
2
0

൱ =
1

5
൭

19
12
5

൱ 

 𝑋𝐹ሬሬሬሬሬ⃗ = ටቀ1
ସ

ହ
ቁ

ଶ

+ ቀ−3
ଷ

ହ
ቁ

ଶ

+ (11)ଶ = 11.7 

12 (i) 𝒍஺௉: 𝐫 = ൬
ସ

ିହ
ଵ଴

൰ + 𝜆 ൬
ିଶ
ଵ
ଶ

൰…… (1) 

𝜋୪: 𝐫 · ൬
଴
ଵ
ଷ
൰ = ൬

଴
ିଵ
ଶ

൰ · ൬
଴
ଵ
ଷ
൰ = 5 …… (2) 

Subst (1) into (2) 

൬
ସିଶఒ

ିହାଶఒ
ଵ଴ାఒ

൰ · ൬
଴
ଵ
ଷ
൰ = 5  

−5 + 2𝜆 + 30 + 3𝜆 = 5 
𝜆 = −4 

𝑂𝑃ሬሬሬሬሬ⃗ = ൭
4 + 8

−5 − 8
10 − 4

൱ = ൭
12

−13
6

൱ 

𝑃(12, −13,6) 
(ii) Method 1 

Equation of normal to 𝜋୪  

𝐿ே: 𝐫 = ൭
12

−13
6

൱ + 𝛼 ൭
0
1
3

൱ = ൭
12

−13 + 𝛼
6 + 3𝛼

൱ 

Let F be the foot of perpendicular from A to normal to plane  

𝑂𝐹ሬሬሬሬሬ⃗ = ൭
12

−13 + 𝛼
6 + 3𝛼

൱ … … . (1) 

𝐴𝐹ሬሬሬሬሬ⃗ = ൭
12

−13 + 𝛼
6 + 3𝛼

൱ − ൭
4

−5
10

൱ = ൭
8

−8 + 𝛼
−4 + 3𝛼

൱ 

𝐴𝐹ሬሬሬሬሬ⃗ ⊥ 𝐿ே 
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𝐴𝐹ሬሬሬሬሬ⃗ · ൭
0
1
3

൱ = 0 

൭
8

−8 + 𝛼
−4 + 3𝛼

൱ · ൭
0
1
3

൱ = 0 

−8 + 𝛼 − 12 + 9𝛼 = 0 
𝛼 = 2 

𝐴𝐹ሬሬሬሬሬ⃗ = ൭
8

−8 + 𝛼
−4 + 3𝛼

൱ = ൭
8

−6
2

൱ 

Method 2 
Let A’ be the mirror image of A in the normal to the plane and F be the foot of 
perpendicular from A to the normal  
 
 
 

 

𝐴𝑃ሬሬሬሬሬ⃗ = ൭
12

−13
6

൱ − ൭
4

−5
10

൱ = ൭
8

−8
−4

൱ 

 

𝐹𝑃ሬሬሬሬሬ⃗ = ൥𝐴𝑃ሬሬሬሬሬ⃗ ·
1

√1 + 9
൭

0
1
3

൱൩
1

√1 + 9
൭

0
1
3

൱ 

=
1

10
൥൭

8
−8
−4

൱ · ൭
0
1
3

൱൩ ൭
0
1
3

൱ =
1

10
(−8 − 12) ൭

0
1
3

൱ = ൭
0

−2
−6

൱ 

𝐴𝐹ሬሬሬሬሬ⃗ = 𝐴𝑃ሬሬሬሬሬ⃗ + 𝑃𝐹ሬሬሬሬሬ⃗ = ൭
8

−8
−4

൱ + ൭
0
2
6

൱ = ൭
8

−6
2

൱ 

(iii)Let 𝐿ே be the normal 𝜋୪ at P 
Method 1 
From (1) in (ii) 

𝑂𝐹ሬሬሬሬሬ⃗ = ൭
12

−13 + 2
6 + 6

൱ = ൭
12

−11
12

൱ 

Let A’ be the mirror image of A in 𝐿ே 

𝑂𝐴ሬሬሬሬሬ⃗ + 𝑂𝐴ሬሬሬሬሬ⃗ ′

2
= 𝑂𝐹ሬሬሬሬሬ⃗  

𝑂𝐴ሬሬሬሬሬ⃗ ᇱ = 2𝑂𝐹ሬሬሬሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗ = 2 ൭
12

−11
12

൱ − ൭
4

−5
10

൱ = ൭
20

−17
14

൱ 

𝑃𝐴ሬሬሬሬሬ⃗ ᇱ = ൭
20

−17
14

൱ − ൭
12

−13
6

൱ = ൭
8

−4
8

൱ = 4 ൭
2

−1
2

൱ 

A’ falls on line PC  

A’ 

P 

A F 
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Hence equation of 𝑙௉஼: 𝐫 = ൬
ଵଶ

ିଵଷ
଺

൰ + 𝛽 ൬
ଶ

ିଵ
ଶ

൰ 

l௉஼: ቌ𝐫 − ൭
12

−13
6

൱ቍ × ൭
2

−1
2

൱ = 𝟎 

Method 2 
Let A’ be the mirror image of A in the normal to the plane and F be the foot of 
perpendicular from A to the normal 
 
 
 

 

𝐴𝐴ሬሬሬሬሬ⃗ ᇱ = 2𝐴𝐹ሬሬሬሬሬሬሬሬ⃗ = ൭
16

−12
4

൱ 

𝑃𝐴ሬሬሬሬሬ⃗ ᇱ = 𝑃𝐴ሬሬሬሬሬ⃗ + 𝐴𝐴ሬሬሬሬሬ⃗ ᇱ = ൭
−8
8
4

൱ + ൭
16

−12
4

൱ = ൭
8

−4
8

൱ = 4 ൭
2

−1
2

൱ 

A’ falls in line PC 

Hence equation of 𝑙௉஼: 𝐫 = ൬
ଵଶ

ିଵଷ
଺

൰ + 𝛽 ൬
ଶ

ିଵ
ଶ

൰ 

l௉஼: ቌ𝐫 − ൭
12

−13
6

൱ቍ × ൭
2

−1
2

൱ = 𝟎 

Method 3 

𝑃𝐹ሬሬሬሬሬ⃗ =
𝑃𝐴ሬሬሬሬሬ⃗ ′ + 𝑃𝐴ሬሬሬሬሬ⃗

2
 

𝑃𝐴ሬሬሬሬሬ⃗ ᇱ = 2𝑃𝐹ሬሬሬሬሬ⃗ − 𝑃𝐴ሬሬሬሬሬ⃗ = 2 ൭
0
2
6

൱ − ൭
−8
8
4

൱ = ൭
8

−4
8

൱ = 4 ൭
2

−1
2

൱ 

A’ falls in line PC 

Hence equation of 𝑙௉஼: 𝐫 = ൬
ଵଶ

ିଵଷ
଺

൰ + 𝛽 ൬
ଶ

ିଵ
ଶ

൰ 

l௉஼: ቌ𝐫 − ൭
12

−13
6

൱ቍ × ൭
2

−1
2

൱ = 𝟎 

(iv) Method 1 

𝑙஺௉: 𝐫 = ൭
4

−5
10

൱ + 𝜆 ൭
−2
2
1

൱ 

𝜋ଶ: 𝐫. ൭
2
1
2

൱ = 1 

൭
−2
2
1

൱ . ൭
2
1
2

൱ = −4 + 2 + 2 = 0 

∴ 𝒏 ⊥ 𝜋ଶ   and     𝒏 ⊥ 𝑙஺௉ 
𝑙஺௉//𝜋ଶ  

A’ 

P 

A F 
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Method 2 

𝑙஺௉: 𝐫 = ൭
4

−5
10

൱ + 𝜆 ൭
−2
2
1

൱ … … . (1) 

𝜋ଶ: 𝐫. ൭
2
1
2

൱ = 1 … … . (2) 

Substitute (1) into (2) 

ቌ
4 − 2𝜆

−5 + 2𝜆
10 + 𝜆

ቍ . ൭
2
1
2

൱ = 1 

LHS = 8 − 4𝜆 − 5 + 2𝜆 + 20 + 2𝜆 = 23 ≠ 1 
No solution  
None of the points on the line passing through AP falls on 𝜋ଶ. Hence 𝑙஺௉//𝜋ଶ  

(v) Method 1 
Pick a point 𝑄(0,1,0)on 𝜋ଶ. 
𝐴(4, −5,10) is a point on 𝑙஺௉ 

𝑄𝐴ሬሬሬሬሬ⃗ = ൭
4

−5
10

൱ − ൭
0
1
0

൱ = ൭
4

−6
10

൱ 

Shortest distance between the ray AP and 𝜋ଶ 

=
ฬ൬

ସ
ି଺
ଵ଴

൰ . ൬
ଶ
ଵ
ଶ

൰ฬ

√2ଶ + 1ଶ + 2ଶ
=

|8 − 6 + 20|

3
=

22

3
 

Method 2 
Let 𝑁 be the foot of perpendicular from 𝐴 to plane 𝜋ଶ 

𝑙஺ே: 𝐫 = ൭
4

−5
10

൱ + 𝜆 ൭
2
1
2

൱ = ቌ
4 + 2𝜆
−5 + 𝜆
10 + 2𝜆

ቍ 

ቌ
4 + 2𝜆
−5 + 𝜆
10 + 2𝜆

ቍ . ൭
2
1
2

൱ = 1 

8 − 4𝜆 − 5 + 𝜆 + 20 + 4𝜆 = 1 

𝜆 = −
22

9
 

𝑂𝑁ሬሬሬሬሬሬ⃗ =

⎝

⎜
⎜
⎛ 4 −

44
9

−5 −
22
9

10 −
44
9 ⎠

⎟
⎟
⎞

=

⎝

⎜
⎜
⎛ −

8
9

−
67
9

46
9 ⎠

⎟
⎟
⎞

 

𝐴𝑁ሬሬሬሬሬሬ⃗ =

⎝

⎜
⎜
⎛ 4 +

8
9

−5 +
67
9

10 −
46
9 ⎠

⎟
⎟
⎞

=
1

9
൭

44
22
44

൱ 

ห𝐴𝑁ሬሬሬሬሬሬ⃗ ห =
1

9
ඥ44ଶ + 22ଶ + 44ଶ =

22

3
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13 (a) Let A and B be the take-off and anchor point respectively. 

𝐴𝐵ሬሬሬሬሬ⃗ = 𝑂𝐵ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗  

= ቌ
25 + 2𝜇
20 + 𝜇

20 + 2𝜇

ቍ − ൭
50
50

100

൱ = ቌ
−25 + 2𝜇
−30 + 𝜇

−80 + 2𝜇

ቍ 

ห𝐴𝐵ሬሬሬሬሬ⃗ ห = 100 

ඥ(−25 + 2𝜇)ଶ + (−30 + 𝜇)ଶ + (−80 + 2𝜇)ଶ = 100 

9𝜇ଶ − 480𝜇 − 2075 = 0 
𝜇 = −4.02 or 57.35 (rejected since the z-component will be 120.74) 

𝑂𝐵ሬሬሬሬሬ⃗ = ቌ
25 + 2(−4.02)

20 − 4.02
20 + 2(−4.02)

ቍ = ൭
16.96
15.98
11.96

൱ 

The zipline will end at the point (16.96,15.98,11.96). 
(b) Method 1 

Let 𝜃 denote the angle the zipline makes with the normal of the ground 

൭
3
0
1

൱ . ൭
0
0
1

൱ = ඥ3ଶ + 1ଶ√1 cos 𝜃 

cosθ =
1

√10
 

Let the length of the shadow be d. 

sinθ =
𝑑

100
 

𝑑 = 100sinθ 

= 100 ×
3

√10
=

300

√10
= 94.9 

Method 2 
Let 𝜃 denote the angle the zipline makes with the plane 

𝜃 = sinିଵ ተ

൬
ଷ
଴
ଵ
൰ . ൬

଴
଴
ଵ

൰

√10 √1
ተ 

= sinିଵ ฬ
1

√10 
ฬ 

= 0.32175 rad 
Length of projection 
= 100 cos 0.32175 
=94.868 
=94.9 
Method 3 
Let C be the new anchor point. 

𝐴𝐶ሬሬሬሬሬ⃗ = 𝑂𝐶ሬሬሬሬሬ⃗ − 𝑂𝐴ሬሬሬሬሬ⃗  

= ቌ
50 + 3𝛽

50
100 + 𝛽

ቍ − ൭
50
50

100

൱ = ቌ
3𝛽
0
𝛽

ቍ 
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ቮቌ
3𝛽
0
𝛽

ቍቮ = 100 

𝛽√10 = 100 

𝛽 =
100

√10
 

Length of shadow  

=
100

√10
อ൭

3
0
1

൱ × ൭
0
0
1

൱อ 

=
300

√10
= 94.9 

(c) Method1 

Normal of the safety net = ൬
ଷ
଴
ଵ
൰ × ൬

ଵ
ଷ
ସ

൰ = ൬
ିଷ

ିଵ
ଽ

൰ 

Since the new zipline is at a distance of 5 meters from the safety net, 
  

ฬ൬
ହ଴
ହ଴

ଵ଴଴
൰ . ൬

ିଷ
ିଵ

ଽ
൰ − 𝐷ฬ

ฬ
ିଷ

ିଵ
ଽ

ฬ
= 5 

|200 − 𝐷| = 5√211 

|200 − 𝐷| = 5√211 

𝐷 = 200 − 5√211 or 200 + 5√211  (rejected) 
 

Equation of safety net : 𝐫. ൬
ିଷ

ିଵଵ
ଽ

൰ = 200 − 5√211   

Method 2 
Equation of plane containing the new zipline: 

𝐫. ൭
−3

−11
9

൱ = ൭
50
50

100

൱ . ൭
−3

−11
9

൱ = 200 

Equation of safety net: 

𝐫. ൭
−3

−11
9

൱ = 𝐷 

|𝐷 − 200|

ฬ൬
ିଷ

ିଵଵ
ଽ

൰ฬ
= 5 

|𝐷 − 200|

√211
= 5 

|𝐷 − 200| = 5√211 

𝐷 = 200 − 5√211 or 200 + 5√211  (rejected) 

Equation of safety net: −3𝑥 − 11𝑦 + 9𝑧 = 200 − 5√211 
(d) 𝑎 ∈ ℝ, 𝑎 ≠ 0 

𝜆 > 0 and 𝑐 < 0 or  𝜆 < 0 and 𝑐 > 0 
 

 


