if Paradigm Specialising in O & A Level Mathematics

MUST KNOW QUESTIONS ACE
Vectors

Vector Algebra (Dot / Cross Product, Geometrical Interpretations)

1| [VJC/2021/P1/Q5]
With reference to the origin O, three points 4, B and C have non-zero position vectors

a, b and c respectively, such thata +b + ¢ = 0.

(i) Showthataxb=DbXxc. [2]
(ii) If2AO0B = 180°, describe the geometrical relationship between the
points 4, B and C. 1]

It is given instead that 0° < 2AOB < 90° and £BOC = 2 £AOB.

(iii) By considering the magnitudes of the vectors on both sides of the
equation in part (i), show that (a + 2¢).(a — 2¢) < 0. 4]

The points 4, B and C lie in the plane p which has a normal parallel to the unit
vector n.
(iv)  Given that p has equation r.n = k, state the value of k. Justify your answer. [1]

2 | [NJC/2022/P1/Q3]

Relative to the origin O, points 4, B and C have position vectors a, b and

3a — 4b respectively, where a and b are non-zero and non-parallel.
(i)  Given that O4B is an equilateral triangle, show that @ - b = k|a|?,
where k is a constant to be determined. 2]
(ii) Deduce whether OA and AC are perpendicular. 2]
(iii)  Interpret geometrically the vector equationr X (b—a) = ax (b—a). [2]

3 | [HC1/2023/P1/Q8]

Relative to the origin O, two points 4 and B have position vectors given by

a = 2i—jandb = akrespectively, where a is a negative real constant.
(a) Find the angle between OA4 and OB. 1]

Let A0BA = 6, where 6 is in degrees. It is given that sin 0 = %

(b) Find the two possible values of 8, and justify which of the two values
is the correct value of 6. 2]
(c) By considering a suitable scalar product, find the exact value of « . [3]

A point C has position vector ¢ such that c = b — a.

(d) State the shape of the quadrilateral OABC, justifying your answer.
Find the exact area of the quadrilateral OABC. [3]
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4 | [R1/2018/P2/Q3]
The position vectors of the points U and V" with respect to the origin O
are u and v respectively, where u and v are non-zero and non-parallel vectors.

(i)  Show that (u 4+ v) X (v — 2u) can be written as k(u X v),
where £ is a constant to be determined, justifying your working.

The vectors u and v are now given by

u=1i-—j+ 2kand v = ai + bj,
where a and b are constants.
(i) Ifa = 2andb = 3, find a unit vector parallel to (u + v) X (v — 2u).
(iili)  If v is perpendicular to the vector i — 2j + 3K, find v in terms of i, j, k
and b. Interpret the solution geometrically.

2]

2]

3]

5 | [SAJC/2018/P1/Q6]

Relative to the origin O, the position vectors of points 4 and B are a and
b respectively, where a and b are non-zero and non-parallel vectors.
The point C with position vector ¢ lies on the line segment AB such that

AC: CBis A: 1 — A. It is given that b is a unit
vector, |a| = g and the angle formed between OA and OB is 120°.

(i) Find the value of A such that the points O, 4 and C form a right-angle AOC.
(ii)  Find m, the position vector of M, the midpoint of AC, in terms of a and b.

A circle is drawn with AC as its diameter and O is a point on the circumference
of the circle drawn.

(iii)  Determine if OB is a tangent to the circle described above.
(iv)  Give a geometrical interpretation of [bem|. Hence, explain (bem) b in terms
of its magnitude and direction.

2]
2]

2]

2]
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Points, Lines & Planes

6

[J82/P1/Q5]

The position vectors of points 4 and B with respect to an origin O are a and b respectively.
Show that, for all values of the real constant 4, the point P with position vector p given
byp =2Aa + (1 — A)bis collinear with 4 and B.

(i) Show that the point Q with position vector q given by q = 3a — 2b lies on B4
produced, and find the ratio QA4:QOB.

(ii) The point R has position vector r given by r = 3a + 5b. Find the position vector
of the point where OR meets AB (produced if necessary).

7 | [YIJC/2021/P2/Q4]
The line has equation XTH = % = Z;—4 . The plane p has equation x +y —z —11 = 0.
(i) If7and p do not intersect, what can be said about the values of @ and b? [3]
For the rest of the question, use a = —2 and b = 1.
(ii)  Find the coordinates of the point B, the foot of perpendicular from the point
A(—=1,a,4) to p. [2]
(iii)  Hence, or otherwise, find a vector equation of the line of reflection of [ in p. [2]
(iv)  Find the possible position vectors of the point C on [ which is a distance of
V164 from B. [3]
(v)  Find the angle BCA. [2]
8 | [EJC/2022/P1/Q7]

The line [, has equationr = 11i — 3j — k + A(i — j + 2K), where A is a parameter.
The point 4 has coordinates (2,0, —1)

(a) The plane p contains the line [, and the point 4.
Find a cartesian equation of the plane p. 3]
(b) Find the position vector of the point 4', the reflection of the point 4 in the line [. [4]

The line [, passes through the point 4, and is perpendicular to the line [;.

Planes p and ¢ are perpendicular planes such that p and ¢ meet at line 1,.

(¢) Find a vector equation of the line 1,. 2]
(d) The plane I is such that II contains the point (11, —3, —1) and is parallel to ¢.
Find the perpendicular distance between II and ¢. [2]
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9 | [N2014/P1/Q9]
Planes p and ¢q are perpendicular. Plane p has equation x + 2y — 3z = 12. Plane ¢
contains the line with equation %1 = y_—+11 = ?. The point 4 on [ has coordinates
(1,-1,3).
(i) Find a cartesian equation of ¢. 4]
(ii)  Find a vector equation of the line m where p and ¢ meet. 4]
(iii) B is a general point on m. Find an expression for the square of the
distance AB. Hence, or otherwise, find the coordinates of the point
on m which is nearest to 4. [5]
10 | [RI/2023/P2/Q4]

With reference to the origin O, the points 4 and B are such thata = 04 and

b = 5§, where a and b are two non-zero and non-parallel vectors.
(a) Show that the vector
n=(aeb)a— (aea)b
is perpendicular to a and is parallel to the plane OA4B. (4]
The vectors a and b are now given by
a=i+j+kandb = 2i+j+ 3k.

(b) Find a unit vector m which is perpendicular to a and is parallel to plane
OAB. [2]
(¢) Find the coordinates of the point of intersection between the line OA and the
line which passes through point B and is parallel to m. [2]
(d) Hence, or otherwise, find an equation of the line which is a reflection of the
line OB in the line OA. [3]
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Application Questions

11 | [NYJC/2021/P1/Q10]

One day, Eddie came home from a birthday party and brought back a helium filled
balloon. After playing with it, he accidentally released the balloon at the point (1, 2, 3)
and it floated vertically upwards at a speed of 1 unit per second. Shortly after ¢ seconds,
a sudden gust of wind caused the balloon to move in the direction of i + 4j + 6k.

You may assume that z = 0 refers to the horizontal ground.

(i) Find the angle in which the balloon has changed in direction after 3
the gust of wind blew it away. [3]
(ii)  Find the Cartesian equation of the plane that the balloon is moving along. [3]
(iii)  Given that the balloon eventually stayed at the point (2, 6, 12) on
the ceiling, find the time # when the gust of wind blew the balloon away.  [3]

Eddie decides to shoot the balloon down with his catapult.

(iv)  Assume he was holding his catapult at (3, 2, 1) initially and he walked
along the path parallel to 2i + j. Find the position vector of the point
where he should place his catapult so that the distance between his
catapult and the balloon is at its minimum. Hence find this distance. (4]
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12

[ACJC/2022/P1/Q11]

(In this question you may assume that a laser beam travels in a straight line.)

.-
o
.-
-

normalto 7, =+~

A laser pointer is used to fire a beam in the direction (_22> from point 4 with coordinates
1

(4, -5, 10). The beam is reflected at point P off the surface of the mirror r; which then,
strikes a target plane m, at point C as shown in the diagram. It is given that the equation

of the plane 7; isr e (2) =5.
3

(i) Show that the coordinates of the point P is (12, —13, 6). [3]

It is given that the angle between AP and the normal to ; at P is equal to the angle
between PC and the same normal.

(ii)  Find the vector ﬁ, where F is the foot of perpendicular from 4 to the

normal to 7, at P. 3]
(iii)  Find the vector equation of the line PC. [3]

Express the vector equation of the line PC in the form (r—a) Xxb = 0,

where a and b are constant vectors. 1]

The equation of the target plane 7, isre <§> =1
2

(iv)  Show that the laser beam AP is parallel to 7. 1]
(v)  Find the shortest distance between the laser beam 4P and m,. [3]
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13

[NYJC/2023/P1/Q10]

At a theme park, the management decides to introduce a zipline adventure where a
person can travel down from the top to the bottom of an inclined zipline on a pulley
system, above a flat horizontal field.

Points are defined relative to an origin (0, 0, 0) on the flat horizontal field, where units
are metres. The x-, y- and z-axes are in the directions of east, north and vertically
upwards respectively. The zipline is above a flat horizontal field modelled by the
equation z = 0. A take-off point is located at (50, 50, 100) on a vertical tower and an
anchor point lies on another vertical tower as shown in the diagram below. The zipline
is assumed to be taught at all times and the width of the zipline can be neglected.
Take-off point
(50,50,100)

Anchor point

Horizontal field

(a) The anchor point lies on a cable modelled by the equation r = (%3) +u (f) peR.
20 2

Given that the zipline is 100m long with one end attached to the take-off point,
find the coordinates of the anchor point, giving your answer correct to 2
decimal places. (4]

Due to safety reasons, the theme park management decides to relocate the anchor point

and the new zipline follows an equation r = (38 ) +B (8) ,BeR
100 1

(b) Find the length of projection of the new zipline onto the field, given that
the new zipline is also 100m long. [3]
(c) A flat safety net is to be constructed below the new zipline such that it is

parallel to both the new zipline and the vector (%) At the same time, the flat
4

safety net is to keep a distance of Sm from the new zipline at all times.
Find the cartesian equation modelled by the flat safety net. 3]

(d) If the zipline can be modelled by the equation r = (28) +2 (‘8) ,AeR,

100
what can be said about the values of 1, @ and ¢? [3]
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Solutions

1

(@)

(i)
(iii)

@iv)

a+b+c=0
(@a+b+c)xb=0xb
axXxb+bxb+cxb=0
axXxb+0+cxb=0
axXb=—(cxb)
=bXxc
A, B and C are collinear (lie on a straight line)
a X b =b X c (from part i)
|a]|b|sincAOB = |b||c|sinzBOC
|alsinZAOB = |c|sin (2£A0B) (since |b| # 0)
= 2|c|sinzAO0Bcos<AOB
|a] = 2|c|cos£AOB (since sin£AOB # 0)
0 = |a|® — 4|c|?cos?2AOB
|a]?> = 4|c|?cos?2A0B
(@a+2c)-(a—2c)
=a-a+(2c)-ra—a-(2c)+ (2¢) - (2¢)
= [a|* — 4|c|?
= 4|c|%cos?2£A0B — 4|c|?
= 4|c|?(cos?2A0B — 1)
= 4|c|?(—sin?£40B) < 0(-- |c|? = 0 and sin® ZAOB > 0)

k = 0 since the origin O is in the plane p.

(@)

(i)

(iii)

Given that O4B is an equilateral triangle,
T

|a] = |b| and £AOB = T
a-b = |a||b|cos2AOB

= |a|?cos (g)

— 2

—Elal

AC

=0C—-04

=3a—4b—-a

=2a—+4b

04 -AC

=a- (2a—4b)
=2a-a—4a-b

— 2 1 2

= 20af* - 4(3lal?)

= 2lal]* - [a?

=0

Sincem-ﬁ=0,

~ OA and AC are perpendicular
rx(b—-a)=ax(b—a)
rx(b-a)—ax((b—-a)=0
(r—a)x(b-a)=0
r—a=Ai(b—a)
r=a+A(b—a)=04+10B

The equation represents the line 4B and r represents the position vector of a variable point on
this line.

Maths Secrets Page 8



%f Paradigm Specialising in O & A Level Mathematics

31 @

(b)

(©

(a)

04.a8 = (%) (3) =0
0 a
~ OA and OB are perpendicular.
~ 4A0B = 90°
sinf = %
~68=30° or6=150°
Method 1: (using right-angle 404B)
Since OA4 LOB, -~ 404B is a right-angle A.
Hence 40BA and 4A0B must be acute.
~ 0 =30°
Method 2: (using dot product AB. O—B?)

— 0 2 -2
AB=0B—-0A=(o]|—-|-1]=1| 1
a 0 a

Since AB.08 = (%) (8) — a2 > 0,and |4B||0B] cos6
a a

- cos® > 0= 0Oisacute

Hence 6 = 30°

AB.OB = |ﬁ||TB[cos30°
o) A

= (5 @) (5)

222 = |a|/5 + a3
2a? = |a|/15 + 3a?
2|a| = |a|y15 + 3a?
2|a| =15+ 3a?
4a% = 15 + 3a?
a?=15

a=+y15 (reject
~a=—/15
c=b—-a

0C = OB — 0A = AB
. OC||AB -
CB =0B-0C :
= 0B — AB

= 0B — (OB — 04)
=04

. CB||0A

Since OC||AB and CB||0A4,
~ OABC is a parallelogram.
107 x OC| = |07 x 4B

()= 2
-1 X 1
0 —V15
V15

2415

0

= /15 + 22(15) + 0
=75
= 5v/3 unit?

0 4 TV15since a <0)
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4 i) @(W+v)yX(v-2u)=@xv)—2uxu)+(vVxXv)—2(vxu)
=(uxv)+2(uxv)
(uxu=0, vxv=0, vxu=—(uxv))
=3(uxv)
@ e (3)x()=(3)
2 0 5
. . _ . 1 (-6
A unit vector parallel to (u 4+ v) X (v—2u)is = + \/ﬁ( s )
(iii)  Since v is perpendicular to the vector i — 2j + 3K,

a 1

b|(-2)=0

0 3
a—2b=0
a=2b

<2b> (2)
v=|p |=bl1
0 0
The solution represents the position vector of any point on the line which passes
through the origin and is parallel to the vector 2i + j.
50 M

Since AC:CBis A: 1 — A,
A c B

0
By Ratio Theorem,

_ Ab+(1-Ma

A+1-2A

=Ab+(1-2Va
Since OC is perpendicular to O4,
cea=0
[Ab+ (1—-2A)a]Jea=0
Abea+ (1—-2Aaea=0

A[5 % 1 x cos120°| + (1 = N)lal? = 0, since a| =
x (D] +a-n ) =0
(-)r+30a-n=0

248 159
3 9 9

22, 16

97 9
16 8

}\:—:—
22 11
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(i) c=Za+=b
By Mid-point Theorem, find W=m, where M is the mid-point of AC.
OM=m
_ct+a
2
1 [ 3 4 8 b+ ]
“zl T

_1(14 +8b>
211?11

(iii) m-b=(—a+—b)-b

= b + * |b|?
~11 11

=5 (=35’

Since the vector b is not perpendicular to m, where OM is the radius of
the circle, OB is not a tangent to the circle.
(iv)  |b e m| is the length of projection of m on b.
(b e m)b is a vector with magnitude |b e m|, which is the length of projection

of m on b. Moreover, it is in the opposite direction of basmeb = — % <0.
6 |AB=b—a
AP=0P—-0Ad=2+(1-0)b—a=@Q-1a+(1-2Ab
=(1-2)(b—-a)=(1-NAB
Hence AP is parallel to AB. Since 4 is the common point, points 4, B and P are collinear.
(i) QA=0A-00=a—(3a—2b)=-2a+2b o,
=2(b—a) = 248 I
Thus, Q lies on B4 produced with Q4 : OB =2:3
(ii)  Let C be the point where the OR meets AB (produced if necessary).
Then OC = kOR.
Since points 4, B and C are collinear, 0C = Aa + (1-2)b.
Hence,
kr =2a + (1-A)b
= k(3a+5b) =2Aa+ (1-1)b
=>3k=Aand5k=1-2A

:k—l

==
-5?—3 +5b
"U- 78273
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7 1 )

(i)

(iii)

If | and p do not intersect, 2 conditions have to be satisfied.
Condition 1: [ is parallel to p
Direction vector of [ is perpendicular to normal vector of p

) (3)-

2+b—-3=0
b=1
Condition 2: point on [ is not on p
Point on [ does not satisfy plane equation

B0

—-14+a—-4+11
a+16
Since B lies on p,

-1 1
Lgr=|l-2]+s| 1 |,sER
4 -1
1
p:r-<1>=11
-1

To find point B,

-

—1+s—-2+s—4+s=11
3s =18
s=6

- -1 1 5

OB=|-2]|+6|l 1 ]|=\| 4
4 -1 -2

Coordinates of B are (5,4, —2).

Let A” be the reflected point of 4 in p.

., O0A+04
08 = ———

0F =2 (_%) - (?) ) @)

Line of reflection of [ in p:

11 2
r= <10>+A<1>,AE R
-8 3
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(iv) Since Cison [,

0C = (_%> +A<%> for some A € R
4 3
e -(2)4(1)-(5)-(5) )
BC=|_2]|+Al1]-| 4 |=|-6]+2A(1
4 3 -2 6 3

|BC| = V164
J(=6+20)2 + (=6 + )2 + (6 + 302 = V164
36 — 24X + 4A% + 36 — 122 + A% + 36 + 36 + 9A? = 164

140> - 56 =0
A=-=2 orA=2

(-0

(v) Method 1

w=(3)-(2)-(¢)

|[4B| = /3(6?) = V108

V108
SingBCA = ——

V164
4BCA = 54.2° (1d.p)
Method 2

B and the 2 points of C form an isosceles triangle.
~ 4BCA =acute angle between BC and

(@)l (3
5)-0)

coszBCA =
V164422 + 12 + 32
28
T Vieayid
ABCA = 54.2° (1 d.p.)
Method 3

Consider vectors BC and AC.
=g () r2() - () 2= (1) () -0
6 3 12 10 4 6
-2 4
G)G)

V164V42+22 462
56

~ Vi6av56
ABCA = 54.2° (1d.p.)

cosszBCA =
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(a) Two vectors parallel to p are (_11> and ( 5 ) - (Eé) =3 (_13>.
2 -1 -1 0
1 -3 -2 1
1%l 1 |=(-6]=—-2(3)
2 0 -2 1

So a vector normal to p is (é)
1

Since 4(2,0, —1) lies on p, equation of pis r - (%) = ( z ) . (%) =1
1 -1/ \1

So a cartesian equation of pis x + 3y +z = 1.
(b) Let G be the foot of perpendicular from A4 to L;.

Since G lies on [, 06 = (f%) +A1 (_11> for some A.

-1 2
— (1
AG-<_1>=O:
2

oo )-e- (5 (2)-(E(3)

>A1=-2

Hence, 06 = (_91>.
-5

. . —  0A4A+04r
Using Ratio Theorem, , 0G = o8

-_ ., 9 2 16
—5/ \-1/ \.g

Alternative solution (using projection vector to find O—G))

ony
(e

BG =
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(©

(d) Note that the points G(9, —1, —=5) on ¢ and B(11, -3, —1) on [], lie on the same

A direction vector of [, is AG = (_71>.

-4
A vector equation of [, isT = ( (2) ) +u (_71),;1 € R.
-1 -4

Alternative solution (consider [, as intersection of p and g)
x+3y+z=1---(1)
r-(_11> = (3).(}1) — 0> x—y+22=0-(2)

2 -1 2
Using GC to solve (1) and (2),

7
4

An equation of [, isT = + u ,u ER.

OR|Rr DR
=R

line [, and [; is perpendicular to both ¢ and [].

(%)

Perpendicular distance between [[ and ¢ = [GB| =

(33)-(2)
3 =11
-1 -5
2\/5 units

Alternative solution (using formula)

Plane []: r - (_;1) = (%) . (_;1) —12

Plane q: r- (_11) =0
2

|d1|;|dz| — ||1(2_1:;J|| — % unit
2

Alternative solution (using projection of AB on normal)

()l 1)

Perpendicular distance = ==
GG e

-1
Alternative solution (using crz)ss product)
aasae)|(53)x(%)

S (CY
—4

Perpendicular distance =

units

36

1G] _ yises |
= |(_71)| = Tee = \/2_4un1ts

—4

Perpendicular distance =
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(1)

(i)

p:r-(%)zlz,
-3

(iii)0B = (%T,ﬁ‘)

rir-(4)+2(5) 2eR
() (3)=()=-5(7)
e ()= (3)-(2) -5

Therefore the Cartesian equation of qis —x + 2y +z =10

UsingGC,m:r-(§>+u<‘1*>,uE[R
0 2

2u

_ 6+4u—1 54+4u

AB=| 34 pu+1 |=| 4+u
2u—73 2u—73

— 2
Lety = |AB| = (5+4w?+ (4 +p)? + (2u — 3)?
d
d—Z=8(5+4u)+2(4+ﬂ)+4(2u—3)=0

40+ 32u+8+2u+8u—12=0

= 42u = —36
6

.'.#=—;

2
Z—; =324+2+8=42>0=>pu= —ggivestheminvalue ofy.
Coordinates of required point

~(+4(-9)2-52(-9) - (23
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10

(a) If n is perpendicular to a, n-a = 0.

(b)n=(a-b)a—(a-a)b

[(@a-b)a—(a-a)b]-a

=(a-b)ara—(a-a)b-a

=0since a-b=>b-a (shown)

If n is parallel to plane OAB, it perpendicular to axb since axb is perpendicular
to plane OAB.

ien(axb)=0

[(a-b)a— (a-a)b] (axb)

= (a-b)a-(a xb)—(a-a)b (axb)

=(0since alaxXxbandb Laxb (shown)

OR:

Since n is a linear combination of non-zero and non-parallel vectors a and b, n

lies on the same plane as a and b i.e plane O4B. Hence n is parallel to the plane
OAB.
() OI0-C) GIE
1 1 1
1 1 1
()-2(3)-(3)-o(
=6(1 1
1 3
m ! < 1 ) or m ( 1)
v\ 2\ 1

OR:

w o
\_/
/\
\/

Let vector parallel to m be (f;)

z

Then, (i)(i) =0=>x4+y+z=0--(1)
z 1
Also,

BH-()-

(;).(_21>=o=> 2k—y—z=0-(2)
z -1

MH+Q2):x=0

Then

y+z=0=>y=—z
Ify=1,thenz = -1

_1f(0
Hence m = ﬁ(_ll).
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-~ A Cartesian equation of the line of reflection is g = % =z

() Line O4: 1 = A (i
1

Let I be the line which passes through point B and is parallel to m.

2 0
Lr=(1]+ul 1 |LeeR
3 -1

When line O4 intersects [,

1 2 0 B
Al1)=1)+ul 1 | o
1 3 -1 0 \ F(222)

),Aema

A=2

A=14+u=>u=1

A=3—-u=>u=1

-~ Coordinates of point intersection are (2,2,2)

OR : Find foot of perpendicular of B to line OA.
(d) Note that m//n and n is perpendicular to a.

B’
\

Thus, line [ is perpendicular to line OA.

By Ratio Theorem,
ﬁ — OB+0OB

2
OB’ = 20F — OB

#()-()-C)

Equation of line of reflectionis r = 8 (%) ,BER
1

11

G106 _
(l) cosf = W = \/T_3
6 = 34.5°

e (o) oo
=(6)<(8)-(7)

(-0 )

—4x +y=-2

@n(E) = () +(¢) +<()

2=14+s>s=1
12=34+t+6(1)=>t=3

1
4
6
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0

(v)l:r = @) +,1(§),/1 eR

(o

Let the final position vector of balloon be X.

()0

— (2
XF-(1):0
0

()

1
2
0

2—4+1+(@A+1)=0

1 (19)
=112
5

5

2

A==
5

- (&) 4

=|2 -
5
1

1
2=
0

=0

ﬁz\[(lg)z +

(2

)2 +(11)2 =117

12

Q) Lp:r = ({%) +2 (‘f)

we()-(9)-)-

Subst (1) into (2)

4-22 0
(—5+2/1> : (1) =5
10+A4 3

—5+21+30+31=5
12

=1-13
6

Equation of normal to m;

A=—4
_., (4+8
OP=|_-5-8
10 —4
P(12,-13,6)

(i) Method 1

12
Ly:r=|-13|+
6

Let F be the foot of perpendicular from 4 to normal to plane

. 12
OF =| -13 4+«

6+ 3a
— 12
AF:(—13+a

6+ 3a
AF L Ly

(0
al1
3

):

)

) e (1)

I

4
=5
10

)|

12
13+«
6 + 3«

8
-8+ a

—4 4+ 3«

)
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— (0
AF-<1>=O
3
8 0
—8+a |'[1])=0
—4+3a/ \3

—8+a—-—124+9a =0
a=2

— 8 8
AF =| —8+4+a |=| -6
—4 4+ 3a 2

Method 2
Let A’ be the mirror image of 4 in the normal to the plane and F be the foot of

perpendicular from 4 to the normal
A F A

-
= ()-(5)= (%)

FP =

=l
HE) 0))-5e-()-()
e (4){)- (4

(iii)Let Ly be the normal m; at P
Method 1
From (1) in (ii)

— 12 12
OF = -13+2]=|-11
6+6 12

Let A’ be the mirror image of 4 in Ly

04+ 04 __
— T OF

. 12 4 20
OA’=20F——0A::2<_41>—-(_5>==(_17>
12 10 14
. 20 12 8 2
PA'=(-17|—-(-13])=|-4)=4(-1
14 6 8 2

A’ falls on line PC

B 1 0
v1+ 9;
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Hence equation of lpc: 1 = (_1123> +p (_21>
6 2

12 2
lpei{r—| =13 ) | X| -1
6 2

Method 2

0

A to the normal

perpendicular from
F 4

e

P
- 16
AA' = 2AF = —-12

4
-8 16
(7))
4 4
A’ falls in line PC

Hence equation of lpc: 1T = (_13> + 0 (_21)
6 2

12 2
lper|r—{-13]]%x|-1)=0
6 2

m'=ﬁ+ﬂ'= =

Method 3
—, PA'+PA
PF = —

PA' =2PF —PA=2(2]|—-| 8
6 4
A’ falls in line PC

Hence equation of [po: 1 = (_13>

12 2
lper|r—{-13]]|%x|-1)=0
6 2

(iv)Method 1
4 -2
lAp:l‘= <—5>+/1( 2 )
10 1
o
Ty Tr. | 1
2
-2 2
(2 >.<1>=—4+2+2:0
1 2

~smlm, and nllp
lap/ /T,

=1

Let 4’ be the mirror image of 4 in the normal to the plane and F be the foot of

8
—4
8

)=+(3)
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2]

Method 2

4 -2
lyp:r = <_5> +A< 2 ).......(1)
10 1
o
myr|1]=1.....(2)
2

Substitute (1) into (2)

4 —22 2

-5+ 22 (1) =1
10+ 2 2

LHS=8-41—-54+214+20+21=23#1

No solution

None of the points on the line passing through AP falls on 7,. Hence lyp//m,

Method 1

Pick a point Q(0,1,0)on 1,.

A(4,-5,10) is a point on l,p

— 4 0 4
7i=(3)-(2)-()
10 0 10
Shortest distance between the ray AP and m,
4\ (2
_ (;3)'(9 _18=6+20] _22
TVZir+z | 3 3
Method 2
Let N be the foot of perpendicular from A to plane 7,

4 2 4+ 21
bvir=|-5|+21|=| =542

10 2 10 + 221
44221\ (2
-5+4 |-l1)=1
10+21/) \2
8—41—5+1+20+41=1

1= 22

9
[a-2) 3
9 9
—— ] [ |
ON=| 5-221=]-9]
\io-22) \ %)
— 9 | 144
AN = | 67 | =5l 22
e 9\

4

6
\10—?

1 22
|AN| = 5‘/442 +222 +442 =
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13

(a) Let A and B be the take-off and anchor point respectively.

AB = 0B - 04
25+ 2y 50 —25 + 2p
=| 20+u |=| 50 |=( -30+u
20+2u/ MO0/ \-80+2u
|[4B| = 100

J(=2542)% 4+ (=30 + )% + (—80 + 2u)2 = 100
9u? — 480u — 2075 =0
u = —4.02 or 57.35 (rejected since the z-component will be 120.74)

. 25+ 2(—4.02) 16.96
OB = 20 — 4.02 =|15.98

20+ 2(—4.02) 11.96
The zipline will end at the point (16.96,15.98,11.96).
(b) Method 1
Let 8 denote the angle the zipline makes with the normal of the ground

(g) . <8) = /32 4+ 12y/1cos@
1

1
cosf = —
V10
Let the length of the shadow be d.
ino =
sin 100
d = 100sin6
=100 x 3 —300—949
- VIO VI0
Method 2

Let 8 denote the angle the zipline makes with the plane

66

9_

101

=sin!

7l
10
= 0.32175rad

Length of projection

=100co0s0.32175

=94.868
=949
Method 3
Let C be the new anchor point.
AC =0C - 04
50+ 38 50 36
= 50 —{50 )]=to0
100+ 8 100 B
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3p
o || =100

B

5

BV10 = 100
_ 100
V10
Length of shadow
100 (3) y (o)
= 0 0
V10 1 1
300
V10
(¢) Methodl
Normal of the safety net = (3) X (%) = (:13 )
Since the new zipline is at a distance of 5 meters from the safety net,
(%) (3)-]
100 9 _
-3
9
|200 — D| = 5v211
|200 — D| = 5v211

=——=0949
1 4 9
-1
D =200 —5v211 or 200 + 5v211 (rejected)

Equation of safety net : . (:131> =200 — 5v211
9

Method 2
Equation of plane containing the new zipline:

-3 50 -3
r|-11)=1{ 50 |.-{-11]=200
9 100 9

Equation of safety net:

-3
r.|—-11|=D
9

ID —200|

)
-11
9

|D —200]

V211

|D —200] = 5v211

D =200 —5v211 or 200 + 5v211 (rejected)

Equation of safety net: —3x — 11y + 9z = 200 — 5v211
daeRa+0

A>0andc<0 or A<Oandc>0
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