Eg Paradigm Specialising in O & A Level Mathematics

5 MUST KNOW QUESTIONS TO ACE
GRAPH FUNCTIONS

Ellipse / Hyperbola / Rational Functions

1 | [Y1JC/2021/Promo/Q10]
The curves C and D have equations y = g -x - x% and (x;)z + i—j = 1 respectively,
where K is a positive constant.
(i)  Using an algebraic method, find the exact range of values of y that C can take.
[4]
(i) On the same axes, sketch
(@)  the graph of C, stating the equations of any asymptotes and the
coordinates of the turning points, [2]
(b)  the graph of D for the case where k = 2, stating the coordinates of the
centre, the turning points and the points of intersection with the x-
axis. [2]
(iii) ~ State the exact range of values of k such that C and D intersect at more than
one point. [1]
(iv)  State the range of values of m such that the line with equation y + % =
m(x — 3) does not intersect C. [4]
2 | [VJIC/2019/Promo/Q4]
The curve C has equation % - @ =1.
(i)  Sketch C, giving the equations of its asymptotes and the coordinates of any
turning points. [4]
The curve D has equation 12y? — 48y + 48 + ax? — 6ax — 3a = 0, where a
is a positive constant.
(i)  Find the set of values of a for which € and D do not intersect. [4]
3 | [ACJC/2022/Promo/Q3]
The curve C with equation y = axz:i’;“ passes through the point with coordinates
(=1, —4) and has a turning point at (—3, —2).
(i)  Find the values of a, b and c. [3]
(i)  Hence sketch the graph of curve C, stating the equations of any asymptotes and
the coordinates of any points where the curve crosses the axes [3]
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4 | [NYJC/2023/Prelims/P1/Q3]

A2
The curve C has equation y = 2 -2%*P

) ,where a and b are constants. It is given that C

has a turning point at the origin.
(a) State the value of b and show thata = 0. [3]
(b) By sketching the graph of C and adding a suitable curve onto the same diagram,
find the two possible values of d such that the equation

2 1 —xz 2
(x—d)*+ 2(2x+4 - 2) = 1 has equal roots. [3]
5 | [R1/2022/Promo/Q7b]
A curve C has equation y = sz“;xm,
(i) Fora >1, sketch C, labelling clearly the equations of the asymptotes and the
coordinates of the stationary points in terms of a where appropriate. [4]
2x2+x+a

(i)  Given that the solution set of the inequality ——= 0 is (—o0,0), deduce the

set of values of a. [2]
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5 MUST KNOW QUESTIONS TO ACE
GRAPH TRANSFORMATIONS

1 | [JPJC/2023/Prelim/P2/Q3]
(a) Describe a sequence of two transformations which maps the graph of y = e*

onto the graph of y = —e* + 2. [2]
(b) The line with equation y = x + 6 undergoes the following transformations, in
succession:

A: Scaling by a scale factor of § parallel to the x-axis,
B: Translation of 2 units in the positive x-direction,
C: Scaling by a scale factor of§ parallel to the y-axis.

Find the equation of the resulting line. [3]

(c) Thecurvey = f(x) cuts the axes at (a,0) and (0,b). x =candy = d are
asymptotes of f(x). It is given that f~1(x) exists. State the equations of the
asymptotes and the coordinates of the axial intercepts of the following curves.

M y=75 [2]

(i) y=f"C), [2]

2 | [RVHS/2019/Prelims/P2/Q3]

(a) The diagram below shows the graph of y = f(x). The graph has a minimum
point at A(—a, 2a) where a > 0. It passes through the points B(0, 3a) and
C(2a,0). The equations of the asymptotes are x = a and y = a. Each of the
gradients of the tangents at points B and C is a.

L T
1 L x=a
‘

y=1f(x)

............................................................

i(‘(zuy‘

T X
o |
/ f(x)

Sketch on separate clearly labelled diagrams, the graphs of

() y=fQx+a), 2]
(i) ¥ = F'Co, 2]
(i) ¥y = 705 §

Label in each case, the coordinates of points corresponding to the points A, B and C (if
any) of y = f(x) and the equation of asymptote(s).
(b) Describe a sequence of transformations which transforms the graph of
2y? — x? = 1 onto the graph of y? — (x — 1)? = 1. [2]

Maths Secrets Page 3



Eg Paradigm Specialising in O & A Level Mathematics

[ASrJC/2021/Prelims/P1/Q7]

(1)  The curve Cy with equation y = is transformed onto the curve C, with

equation y = f(x). The curve C1 has a minimum turning point (0,4) which
corresponds to the point with coordinates (a, b) on the curve C,, where a,b >

2,2
0. Given that f(x) has the form % + g. where p, g, are positive constants,

(x+2)?
x+1

express p and q in terms of a and b. [4]
(i)  Thecurveof y = f(x) hasa maximum point and a minimum point at (0, q)
and (a, b) respectively, and intersects the x-axis at « and £, as shown in the

diagram below. The equation of the vertical asymptote is x = %

y

|
o y=1K) P
:|‘ ,f;'“’/;"l/
i | ,,‘;,-5"" 7
’:}1_,’/' i
e ﬂl"‘l X
e |
L i
Sketch the curve y = % Your diagram should indicate clearly, in terms of a, b, @
and B, the equations of any asymptote(s) as well as the coordinates of turning points
and axial intercepts. [3]

[N2016/P1/Q3]

The curve y = x* is transformed onto the curve with equation y = f(x). The turning
point on y = x* corresponds to the point with coordinates (a,b) ony = f(x). The
curve y = f(x) also passes through the point with coordinates (0, ¢). Given that
f(x) has the form k(x — 1)* + m and that a, b and c are positive constants with ¢ >
b, express k, I and m in terms of a, b and c. [2]

1

By sketching the curve y = f(x), or otherwise, sketch the curve y = State, in

fe)
terms of a, b and c, the coordinates of any points where y = %x) crosses the axes and
of any turning points. [4]
[N2021/P1/Q6]
. 1
A curve C has equation y = — ,where a > 0.
(a) Sketch C and give the equations of any asymptotes, in terms of a where
appropriate. [4]
(b) Find the smallest possible value of y in terms of a. [1]
(c) Describe the transformation that maps the graph of C onto the graph of
_ 1
Y = Ve [3]
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Solutions

1

0]

(i)

(iii)
(iv)

=5 _ -

Y=37Y T 5

(x—3)y=(x—3)<§—x)—4
5

xy—3y:§x—x2—5+3x—4

3xy — 9y = —3x% + 14x — 27
3x2+ By —14)x+ (27-9y) =0

The equation has real roots = 3b? — 4ac > 0
(By—14)2-4(3)(27-9y) =0

9y? — 84y + 196 — 324 + 108y = 0

9y? + 24y —128>0

Consider 9y% + 24y — 128 > 0
—24 + ,[247 — 4(9)(—128)
18

For 9yj_+ 24y —128 >0

16

3

w| o T+

The range of values that C can take is

_16 8
Yz ory=g3

For C and D to intersect at more than one point, k > S
The line y +§ = m(x — 3) has gradient m and passes through the point (3, - g) which is the point of intersection of
the vertical and oblique asymptotes. From the graph, the line does not intersect C when m > —1.

0]

(i)

Asymptotes: 3 1
r-2* (x-3)? y ySox—25
9 4
-2 —
v-2)_, @==3
2
3(x-3
yo 2363
2
3

=3xS ory=-3x42
y=3 2 y==: 2

w

12y? — 48y + 48 + ax* — 6ax —3a =0

12y  —4y) +a(x?*—6x)—3a+48=0

12(y  —4y+4)—48+a(x*—6x+9)—9a—3a+48=0

12(y —2)2+a(x—3)2=12a

(}’—2)2+(X—3)2 _
a 12

which is an ellipse with centre (3,2) and vertices at (3,2 + v/a) and (3,2 — va)

1

For curve € and D to not intersect, Va <3 =a <9
Since a is a positive constant, - {a € R:0 < a < 9}

Maths Secrets Page 5



3 F Paradigm

Specialising in O & A Level Mathematics

3 0 __ax®+bx+c
- 3 3x+1 . A
Substitute (—1, —4) and (—3, —2) into equation,
a—-b+c=8--(1)
9a—3b+c=16 - (2)
dy (2ax+b)(3x +1) —3(ax® + bx + c)
dx 3x+1 X247
y =
Substitute x = —3 and Z—i =0 3x+1
0=(—6a+b)(—8)—3(9a—3b+c)
2la+b—-3c=0 --—--(3)
FromGC,a=1b=0andc=7 0
X
. 247
i) y=33
_x_ l 64
T3 9 9@Bx+l)
x_ 1
3 9
3x+1yx2+0x+7
X2+
;
-247
3
_x_1
3 9
1
9
4 (@) Method 1:
Lety =10
—x*+ax+b=0
x(—ax—-b=0
a\? a\?
(x=3) —p-(3) =0
Since (0, 0) is a turning point,a =b =0
y
Method 2:
Since (0, 0) is a turning point,
0 0t0+b
T 4
b=0
—x2+ax+0
y=—— *
2x + 4
=1, 2, —2a4 .
=t 1
. Y=—zx+x
N 2
1 a+2
Tt x=-2
2x + 44/ —x? + ax
—x%—2x
(a+2)x
(a+2)x+2a+4 Since turning pointsare (0,0) and (—4,4) d =—4ord= 0
(Note: Ellipse must meet C at exactly one point)
dy 1 + 4a+8
dx ~ 2 (2x+4)?
Since (0, 0) is a turning point, 0 = —%+ %
a=0
2, 1( —x? 2
0 G-ar+i(Fr-2) =1
— 24 (22 =
(x—d)?+ ( - ) =1
5 (i) =2 gx g1+l
X
= Asymptotesarey = 2x + 1 and x = 0.
dy a
dx x?
Y_pe2-L=0 oxt=2
dx X 2
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Sincea>1>0, Z—i’ = 0 has 2 distinct solutions, hence the graph has 2 distinct stationary points.

Whenx:i\/g,yzz(i\/g)+liia:112\/2_(1
2

Coordinates of stationary points are
a a
(\/;,1 + 2m>and (—\/;1 - 2@)

2x2+x+a

y

(\/g 1+ 2@)

Ty =2x+1

(i) For solution set ofT < 0tobe (—oo,0),
2x2+x+a>0forall x € (—,0). x
2
Require 2x2 + x + a = 2(x+3) +a-2>0
4. 8
- 1
=>a=2=
8 x=0
Alternatively, using graph we require 1 — 2v/2a < 0
1 1
>Va>—=a>=
242 8
Set of values of a = [3, c0).
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Solutions

Method 1

y=e*-sy=—e* sy=—e*+2

Reflect about the x-axis.

Translate by 2 units in the positive y-direction.

1 @)

Method 2
y=e¥oy=e*-2-oy=—(e*-2)= —e*+2
Translate by 2 units in the positive y-direction.
Reflect about the x-axis.

(b) AfterAiy=3x+6
AfterB:y =3(x—2)+ 6 = 3x
AfterC:y = §(3x) =x

(ci) Asymptotes: x = a, y =%
Axial intercepts: (c, 0), (0%)

(cii) Asymptotes: x =d,y =c¢
Axial intercepts: (0, a), (b, 0)

2 @) fx) - f(x+a)-> fQ2x+a)
y
y=fQR2x+a)

\B’(—O.Sa ,3a)

A(—a y=a

><( .5a, (D/

>( y=fQ@2x+a)

y

(aii)

\

A'(—a,0) .B'(O'“j

y=f()

(aiii)

1
Ly o B0

X

(a,0)
__ 1
e

(b) We first note the following transformation steps:
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2y —x%2=1
Step 1: Replace ‘x” by ‘x — 1’

2y —x%2=1
. v o <Y
Step 2: Replace ‘y’ by i
2
2(%) —x-12=1

y2-(x-1)P2=1

Thus, the sequence of transformations needed are as follow
1. Atranslation of 1 unit in the positive x axis direction;

2. A scaling parallel to the y axis of factor v/2.

Replace x with px . V=
Ll

Replace y withy — ¢ > y =

1 2
Henge, a = ;(O+2)—>p— -

b=4+q—->q=Db—-4
i
0) l y
1

O+

(px)-1 - px—1
p2x? _ pix

px-1_ px-1
Thel:nimum turning point on C; (0,4) corresponding to (a, b) on C,.

3 . _ (x+2)? . _ _ [(x=2)+2]? _ i . . .. i .
(i) Y= Replace x with x — 2 > V= om T = (Translation of 2 units in the positive x-direction)
0)?* _ z

(Scaling of scale factor % along the x-axis)

(Translation of q units in the positive y-direction)

4 | f)=k(x-D*+m
fl(x) =4k(x—1)3 1
f'(@)=0=>4k(a—D3=0 ( )
=l =asincek #0

Thus f(x) = k(x —a)*+m
fl@=b=>k(a—a)*+m=>b \/

>m=»

Thus f(x) = k(x —a)*+ b
fO=c=>k(0—a)*+b=c

c—-b
k=75
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5 (@)

1
Y= G @0
LetvVdax —x2=0=4ax —x*>=0
x(4a—x)=0

-~ Equation of vertical asymptotes are x = 0 or x = 4a

x =4a

x=0

(b) Lety, = 4ax —x% = 4a® — (x — 2a)?
Max y; = 4a® when x = 2a

~whenx = 2a,miny = L= i(since a>0)

(© v

_ 1 _ 1
Vaax—x2 Jaax-(x-2a)?

By replacing x with x + 2a, we gety =

1
VaaZ—x2
=~ Translate the graph of C by 2a units in the negative x-direction
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