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READ THESE INSTRUCTIONS FIRST

INSTRUCTIONS TO CANDIDATES

1. Find a nice comfortable spot without distraction.

2. Be fully focused for the whole duration of the test.

3. Speed is KING. Finish the paper as soon as possible then return-back to Check Your Answers.
4. As you are checking your answers, always find ways to VALIDATE your answer.

5. Avoid looking through line by line as usually you will not be able to see your Blind Spot.

6. If there is no alternative method, cover your answer and REDO the question.

7. Give non-exact answers to 3 significant figures, or 1 decimal place for angles in degree, or 2
decimal place for $$$, unless a different level of accuracy is specified in the question.

Wish you guys all the best in this test.

You can do it.

| believe in you.
Team Paradigm
If you are struggling in this paper, it’s an indication to work harder!

If you need support and personalised guidance, you can find us here
www.mathtutor.com.sg
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Differentiation — Equation of Tangent and Normal

1 4

The gradient function of a curve is Ao + p . Itis given that the gradient of the

curve at the point (1, —3) is 7.

(@) Find the value of p. [2]
(b) Find the coordinates of the point where the curve meets the y-axis. [3]

The equation of a curveis y = %+ bx — 1, where a and b are constants.
The normal to the curve at the point Q (1, —1) is parallel to the line 4y — x = 20.
This normal meets the curve again at point P.

(i)  Find the value of a and of b. [3]
(i)  Find the coordinates of point P. [3]

Differentiation — Increasing & Decreasing Function

11 A curve has equation y = x3 + ax? + bx + c.
()  Find2. [1]
(i) It is given that y is a decreasing function for —1 < x < 3. Show that [3]
a=-3and b = -0O.
2 | It is given that f(x) = ax3 — 6x2 + 15x — 1, where a is a constant.
(i) If a =1, show that f(x) is an increasing function for all real values of x. | [3]
(i) Find the range of values of a for which f(x) is an increasing function. [3]
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Differentiation — Rate of Change (Mensuration)

11 The diagram shows a tank which is in the shape of an

inverted right circular cone

of base radius 20 cm and height 30 cm. Water is poured into
it at a constant rate of 24 cm3/s . After t seconds, the depth
of the water is h cm.

[2]

0] Show that the volume of water in the tank,

. .. 4mh3
V cm3 at time t seconds is given by V = 5

(i)  Find the rate of change of the depth of water when h = 18. [3]
(iif)  State, with a reason, whether this rate will increase or decrease as t [1]
increases.

The function f is defined by y = 275;23 ,Wwhere x # —1.5. It is known that x and y

vary with time t, and that x decreases at a rate of 0.2 units per second. [5]

Find the rate at which y is changing at the instant when x = 3 units.
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Differentiation- Maxima and Minima

1

The diagram shows the vertical cross-section of a piece . ,
of solid conical wood. The solid cone has base radius :
13.5 cm and height 36 cm. A solid cylinder of radius r
cm and height h cm was to be carved out of the solid
cone.

| 36cm

h cm

VT

- »
13.5 cm

(a) Show that the total surface area of the solid cylinder, A cm? is given by A =

10
72mr — ?nrz.

(b) Given that r can vary, find the stationary value of A and determine its nature.

[4]

[5]

2

The equation of a curve is y = 2;‘_1.

(i)  Find the coordinates of the stationary points of the curve.
(i)  Determine the nature of each of the stationary points of the curve.

[3]
[2]

E_6 D

A contractor was given 240m of fencing for a playground,
He designed the playground ABCDEF consisting of a
rectangle ABCF and an isosceles trapezium CDEF.

Given that AB =12 m, DE =6 m, CD = EF = 5x m and
BC =ym.

(i) The contractor used 240 m of fencing to enclose 4 12 B
the playground.
Express y in terms of x.

(i)  Show that the enclosed area, A m? , of the playground is given by

Area = 1332 — 60x + 9/ 25x2 — 9.

(ili)  Given that x can vary, find the stationary value of A.

(iv)  Find the nature of this stationary value. Would the contractor be happy
or disappointed with the design of his playground?

[1]

[2]

[3]
[3]
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Answer Key
1| Differentiate the following with respect to x. [2]
244
(8) =5 2]
2
(b) 3v/6x+5 [ ]
2x2+x+1 3
(C) 1+2x
Solutions:
x*+4
(a) 2x2 )
+4 Alt tivel
Lety = xzx2 ernatively,
= % + xz—z M1(use quotients rule correctly)
= %+ 2x~2% --- M1 (able to split into sum of terms)
ay _ 5 -3
o 2( . 2)x
= ——; -— Al (in positive index)
2
(b) 3v6x+5
y 3V6x+5 .
=Z(6x+5)7:
d 2( 1 3 :
d_i’ =3 (— 52 (6x +5)72(6) ---- M1 (abzle to apply chain)
= T AL S T
2x%+x+1
(c) Lety = 1+2x ,
dy _ (1+2x)(4x+1)—(2x*+x+1)(2) L .
— = 20 M1 (able to apply quotient rule correctly)
4x+1+8x%+2x—4x%-2x-2
= iz --- M1 (able to expand)
4x2+4x-1
=z AL
4 2 4x%+4x—1
Ans: (@) —— (b) — c
@ xs( ) \/m3 © (1+2x)2
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Differentiation — Equation of Tangent and Normal

4

p=3

4
b))y = f(1—2x)2 + 3 dx

_ 4(1-2x)7t
=D +3x+c

=2 43x+c
1-2x

Sub (1,—3) into y,
—3==+3+c

c=-4
y=——+3x—4

Since the curve meets the y-axis, x = 0.
y=—2.

The coordinates are (0, —2).

Answer: (a) p = 3 (b) (0,—2)

2 | (i) Equation of line: y = %x +5
At x = 1, gradient of normal =

Gradient of tangent =—4
D= Ztb

DR

a+b=0 ---m- Eqgn (2)
ca=2,b=-2

(i) y=2-2x-1

Equation of normal is: y + 1 = i(x -1)

1 5
Y=3*"%
2 _x—1=3x-2
X 4 4
8 — 8x2% —4x = x?> — 5x
9x2 —x—8=0 Ox+8)(x—-1)=0

i-fonet y=2(-Y-2(-P-1 -

~ Coordinates of P is (— %, - 2)

Ans: (i) a = 2, b = —2 (ii) Coordinates of P is (—g, —:—2)
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Differentiation — Increasing & Decreasing Function

1

Ny=x3+ax®*+bx+c
%=3x2+2ax—b

(i) For decreasing function,

2 <0
3x2+2ax—b <0
From-1<x<3
3x+1)(x-3)<0
3x2—-6x—-9<0

By comparison,
a=-3andb = -3

Answer: (i) 3x% + 2ax + b (ii) Shown

(i) f(x) =x%—6x% +15x — 1
f'(x) =3x%—12x + 15

=3(x%?—-4x+5)
= 3[(x — 2)2 + 1]
=3(x—2)2 +3

Since (x —2)2 > 0= f'(x) >0anda > 0,
~ f(x) is an increasing function.

Since discriminant < 0 = f'(x) > 0and a > 0,
~ f(x) is an increasing function.

(i) f'(x) = 3ax? —12x + 15
For increasing function, f'(x) > 0
3ax?—12x+15>0
=Discriminant < 0
(—12)2 — 4(3a)(15) < 0
144 —180a < 0
a>z

Ans: (i) f(x) is an increasing function. (ii) a > g
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Differentiation — Rate of Change (Mensuration)

1 | (i) Let r be the radius of the surface of the water
r h

20 30

_2n
_13
V=§7TT2h
2
1 2h
=—7r(—) h
3 s 3
4t1th
V =
27

... dv  4mh?
(i) —=——
dh 9
v _dv dn
dt  dh’ dt
4mwh?  dh
24 = —— X —
9 dt
dh 54

dt ~ mh? n ;
When h = 18'E: __

(iii) &£ = 22
dt  mh? s
. . 4
As t increases, h increases, >
TX18

dh .
a decreases as t increases.

decreases.

Answer: (i) V = % (1) 0.0531 cml/s (iii) %
2 _ 7x-2

_ =2 =0.0531 cm/s
TX18 61
The rate of change of the depth of the water is 0.0531 cm/s.

T 2x+3

dy _ 7(2x+3)-2(7x-2)
dx (2x+3)2
25
T (2x+3)2

dy_dyxdx
dt ~ dx ~ dt

5
~ (2x+3)? (0.2

(when x = 3)

. . 5 .
y is decreasing at o7 Units per second.
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Differentiation- Maxima and Minima

1 | (a) By similar triangles (b) Z—A =72m — ?nr
r

U dA 20
36-h 36 When—=0, 72 —=nr=20
8r = 108 — 3h ar 3

108-8r 8r r=10.8
h=——or——
3 3
2
A = 2712 + 270rh %=—?n<0=>Aismaximum
108-8 10
=2mr? + 2ﬂrh( . r) A =72m(10.8) — -7 (10.8)*
— Qpy? 4 2iomr _ 1emr? = 1221.45
3 3 19441 2
~A=1220o0r cm

10
= 72nr — —mnr? P
3

Answer: (a) 72nr — ?nrz (b) A =12200r % cm?

2| x?
Ny=5=
dy _ 2x(2x—1)-2x2
dx | (2x-1)2
_ 2x%-2x
T (2x-1)2
dy 2x?%-2x
when E = O,W =0
2x(x—1)=0
x=0x=1
y=0y=1

Stationary points: (0,0) and (1,1).

(ii) @ _ (ax=2)(2x-1)%—4(2x-1)(2x%-2x)
dx? (2x-1)%

2
whenx = 0,42 = —2 < 0
dx
(0,0) is maximum point,

2
whenx =1,22 =2>0
dx
(1, 1) is minimum point.

OR
X —-0.1 0 0.1
dy/dx > 0 0 <0
(0,0) is maximum point.
X 0.9 1 1.1
dy/dx <0 0 >0

(1,1) is minimum point.

Ans: (i) Stationary points: (0,0) and (1,1).
(it) (0,0) is maximum point, (1, 1) is minimum point
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3 | (i) The contractor used 240 m of fencing to enclose the playground.
Express y in terms of x.

2y +12+ 6 + 10x = 240

y =111 —5x

(ii) Height of trapezium = /(5x)2 — (3)% = V25x2 — 9
Area = 12y + (12 + 6)V25x2 — 9

Area = 12y + 9v25x%2 — 9
A=12(111 — 5x) + 9v25x2 — 9
A =1332 —60x +9v25x% —9

(iii) A = 1332 — 60 + 9V25x%Z — 9

1
A = 1332 — 60x + 9(25x2 — 9)2
dA 9 _1
T —-60 + E(stz -9) 2(50x)
1
Z—ﬁ = —60 + 225x(25x% — 9) 2

dA 225x
Y _ 60 + X
dx V25x2-9

For stationary point, 3—2 =0

225x
= —-60 + T 0
=60

225x
V25x2—9
225x

V25x%2 -9 =

60

V25x2 —9 =%
4
25x%2 —9 =

225x
XZ

144
175

2
A=1332—60< ﬂ)+9\/25< ﬂ) -9
175 175

12

A=1332—60(—)+9 25( —)—9

5V7.

144 81
A=1332— N 9\/;
A = 1308.188238 m?

A = 1310 m? (3SF)

Stationary value of A = 1310 m? (3SF)
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225x

V25x2-9 )
Z—i = —60 + 225x(25x% — 9) 2
2A

3 1

42 = 225x [(25x2 — 9) 2 (50x) | + 225(25x% — 9)

2 3 L
4 = —5625x7(25x — 9) 72| + 225(25x2 — 9)
d’a _ —5625x2 225
dx2  (25x2-9)V25x2—9 | V25x2—9
d?A _ —-5625x%+225(25x2-9)
dx? ~ (25x2-9)V25x2—9

.\ dA
(iv) - = —60+

d?a . —-2025
dx? ~ (25x2-9)V25x%—9
144
Whena = |—
175
d2A _ -2025
dx? 2 2
<25< ﬂ) —9) 25( ﬁ) -9
175 175
d?A —2025

__7 - —_—_————
« (@) [2)
4 _ 5144516438 < 0

dx?
2

Since % = 0, the area of the playground is a maximum.

Answer: (i) y = 111 — 5x (i) Shown (iii) 4 = 1310 m? (3SF) (iv) % <0
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