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           Paradigm Specialising in O & N Level Mathematics 

Maths Secrets  

7 MUST KNOW QUESTIONS TO CONQUER  

PLANE GEOMETRY 

1 In the figure, 𝑋𝑌𝑍 is a straight line that is tangent to the circle at 𝑋. 

𝑋𝑄 bisects ∠𝑅𝑋𝑍 and cuts the circle at 𝑆. 𝑅𝑆 produced meets 𝑋𝑍 at 𝑌  

and 𝑍𝑅 = 𝑋𝑅. Prove that 

 
(a) 𝑆𝑅 = 𝑆𝑋, 

(b) a circle can be drawn passing through 𝑍, 𝑌, 𝑆 and 𝑄. 
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2 In the diagram, 𝐴𝐶𝐷𝐸 is a cyclic quadrilateral. Lines 𝐺𝐴𝐵 and 𝐹𝐸𝐻𝐶 are parallel, 

and line 𝐺𝐴𝐵 is a tangent to the circle at 𝐴. Lines 𝐴𝐷 and 𝐸𝐶 meet at 𝐻. 

 

 
 

Prove that 

(a) triangle 𝐴𝐵𝐷 and triangle 𝐶𝐵𝐴 are similar, 

(b) triangle 𝐴𝐶𝐻 and triangle 𝐴𝐷𝐶 are similar, 

(c)  𝐴𝐷 bisects angle 𝐶𝐷𝐸, 

(d)  𝐴𝐵 × 𝐴𝐻 = 𝐴𝐶 × 𝐵𝐶. 
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3 Two circles intersect at 𝑀 and 𝑁. 𝐾 is a point on 𝑀𝑁 produced such that 𝐾𝐿 and 

𝐾𝐽 are tangents to the circles at 𝐿 and 𝐽 respectively and 𝐾𝐿 = 𝐾𝐽. 

 
 

Given that 𝐿𝑁𝐽 is a straight line, show that  

(a) Line 𝐾𝑀 bisects ∠𝐿𝑀𝐽. 

(b) If 𝑀𝐾 is perpendicular to 𝐿𝐽, explain why a circle with 𝑀𝐾 as diameter passes 

through 𝐿 and 𝐽. 
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4  

 
 

In the diagram, 𝑇𝐸 and 𝑇𝐶 are tangents to the circle at 𝐴 and 𝐵 respectively.  

𝐵𝐷 is parallel to 𝑇𝐸.  

(a) Prove that 𝐴𝐵 = 𝐴𝐷. 

(b) Prove that triangle 𝑇𝐴𝐵 is similar to triangle 𝐴𝐵𝐷. 
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5 The diagram shows a quadrilateral ABDE whose vertices lie on the circumference 

of the circle. The point C lies on the extended line AB such that CD is tangent to 

the circle. CA and DE are parallel lines. 

 
 

(a)  Explain why angle 𝐵𝐷𝐶 = angle 𝐴𝐷𝐸. 

(b) Show that triangles BDC and EDA are similar. 

(c) Given that 𝐵𝐷 = 𝐵𝐶, explain why the line AD bisects the angle BAE. 
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6 In the diagram, 𝐷𝐹 is the diameter of circle 𝐶𝐷𝐸𝐹, and 𝐵𝐶 is the diameter of 

circle 𝐴𝐵𝐶. 

 
𝐴𝐷𝐶 and 𝐵𝐸𝐶 are straight lines. 𝑃𝐹𝑇 is a tangent to the circle at 𝐹. 

(a) Prove that ∆𝐴𝐵𝐶 and ∆𝐸𝐷𝐹 are similar. 

(b) Prove that ∠𝑃𝐹𝐸 =  ∠𝐴𝐵𝐶. 
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The diagram shows a circle passing through the points A, B and C.  

The point B lies on the line SC. ST is a tangent to the circle at A.  

The points E and F lie on AB and AC respectively.  

Given that EF is parallel to ST, show that BCFE is a cyclic quadrilateral.  
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Answer Key 

1 Solutions: 

 

(a) ∠𝑍𝑋𝑄 = ∠𝑆𝑅𝑋       (Alternate Segment Theorem) 

     ∠𝑍𝑋𝑄 = ∠𝑄𝑅𝑋       (XQ is the angle bisector of ∠𝑅𝑋𝑍  ) 

     ∠𝑄𝑋𝑅 = ∠𝑆𝑅𝑋 

     By base angles of isosceles triangles, 𝑆𝑅 = 𝑆𝑋 

 

(b) Let ∠𝑄𝑋𝑅 be x 

      ∠𝑅𝑆𝑋 = 180° − 2𝑥     (Isosceles Triangle) 

      ∠𝑌𝑆𝑄 = 180° − 2𝑥     (Vertically Opposite Angles) 

      ∠𝑅𝑍𝑋 = ∠𝑍𝑋𝑅 = 2𝑥   (Base angles of Isosceles Triangle) 

      ∠𝑅𝑍𝑋 + ∠𝑌𝑆𝑄 = 180° − 2𝑥 + 2𝑥 = 180° 

      Since opposite angles are supplementary in cyclic quadrilaterals, a circle that  

      passes through Z, Y, S and Q can be drawn 

      Alternative 

      Similar but use of tangent secant theorem. 

 

 

2 Solutions: 
 

(a) ∠𝐶𝐴𝐵 = ∠𝐶𝐷𝐴            (Alternate Segment Theorem) 

      And ∠𝐵𝐷𝐴 = ∠𝐶𝐷𝐴   (same angle) 

     ∠𝐴𝐵𝐶 = ∠𝐴𝐵𝐷            (Common angle) 

     Triangle ABD is similar to triangle CBA, (AA) 
 

(b) ∠𝐶𝐴𝐵 = ∠𝐶𝐷𝐴            (Alternate Segment Theorem) 

     ∠𝐶𝐴𝐵 = ∠𝐴𝐶𝐻            (Alternate angles, 𝐺𝐴𝐵 ∥ 𝐹𝐸𝐻𝐶) 

      Hence ∠𝐴𝐶𝐻 = ∠𝐶𝐷𝐴 

      ∠𝐻𝐴𝐶 = ∠𝐷𝐴𝐶           (Common angle) 

      Triangle ACH is similar to triangle ADC, (AA) 
 

(c) From (ii), ∠𝐴𝐶𝐻 = ∠𝐶𝐷𝐴 

     ∠𝐴𝐶𝐻 = ∠𝐴𝐷𝐸          (Angles in the same segment) 

     Hence ∠𝐴𝐷𝐸 = ∠𝐶𝐷𝐴 

     Therefore, AD bisects angle CDE. 
 

(d) Triangle ABD is similar to triangle CBA 

      
𝐴𝐵

𝐵𝐶
=

𝐴𝐷

𝐴𝐶
 

      Triangle ACH is similar to triangle ADC 

     
𝐴𝐶

𝐴𝐻
=

𝐴𝐷

𝐴𝐶
  

     Hence 
𝐴𝐵

𝐵𝐶
=

𝐴𝐷

𝐴𝐶
  

    𝐴𝐵 × 𝐴𝐻 = 𝐴𝐶 × 𝐵𝐶  
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3 Solutions: 

 

(a) ∠𝐾𝐽𝑁 = ∠𝐾𝐿𝑁    (given) 

      ∠𝐾𝐽𝑁 = ∠𝐽𝑀𝑁    (tan-chord thm) 

      ∠𝐾𝐿𝑁 = ∠𝐿𝑀𝑁   (tan-chord thm) 

   ⇒ ∠𝐽𝑀𝑁 = ∠𝐿𝑀𝑁 

   ∴ Line LON bisects ∠𝐿𝑀𝐽 (shown) 

 

(b) Given that ∠𝑀𝑁𝐿 = ∠𝑀𝑁𝐽 = 90° and 

      Let ∠𝐿𝑀𝑁 = ∠𝐽𝑀𝑁 = ∠𝐾𝐿𝑁 = ∠𝐾𝐽𝐿 = 𝑥 

    ∴ ∠𝑁𝐿𝑀 = 90° − 𝑥    (∠𝑠 sum in ∆𝑁𝑀𝐿) 

        ∠𝑀𝐿𝐾 = 90° − 𝑥 + 𝑥 

                    = 90°  

    ∴ ∠𝑁𝐽𝑀 = 90° − 𝑥     (∠𝑠 sum in ∆𝑁𝑀𝐽) 

        ∠𝑀𝐽𝐾 = 90° − 𝑥 + 𝑥 

                   = 90° 

      Since ∠𝑀𝐿𝐾 and ∠𝑀𝐽𝐾 are 90°, they obey ∠ in semicircle property. 

     ⇒ 𝑀𝐾 is a diameter of a circle which passes through L and J. (shown) 

 

 

4 Solutions: 

 

(a) Let ∡𝐴𝐵𝐷 = 𝜃 

      ∡𝑇𝐴𝐵 = 𝜃   (alternate angles, 𝐵𝐷 ∥ 𝑇𝐸) 

      ∡𝐴𝐷𝐵 = ∡𝑇𝐴𝐵 = 𝜃 (tangent-chord theorem) 

      Since ∡𝐴𝐷𝐵 = ∡𝐴𝐵𝐷 = 𝜃, therefore, ∆𝐴𝐵𝐷 is an isosceles triangle with 

     𝐴𝐵 = 𝐴𝐷. 

 

(b) In triangles TAB and ABD 

      ∡𝑇𝐴𝐵 = ∡𝐴𝐵𝐷 = 𝜃   (alternate angles, 𝐵𝐷 ∥ 𝑇𝐸) 

      ∡𝑇𝐵𝐴 = ∡𝐴𝐷𝐵 = 𝜃   (tangent-chord theorem) 

      ∡𝐴𝑇𝐵 = ∡𝐵𝐴𝐷           (angle sum of triangles) 

     Since all 3 pairs of corresponding angles are equal, triangle 𝑇𝐵 is similar to 𝐴𝐵𝐷. 
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5 Solutions: 

 

(a) angle 𝐵𝐷𝐶 = angle 𝐵𝐴𝐷 (tangent chord) 

                        = angle 𝐴𝐷𝐸 

     (alternate angles, CA and DE are parallel) 

 

(b) From (a) angle BD = angle ADE 

                     angle ADE = 180° − angle 𝐷𝐵𝐶 

                     angle DAE = angle DBC 

     Hence triangles BDC and EDA are similar. 

 

(c) 𝐵𝐷 = 𝐵𝐶 

      𝐵𝐷𝐶 and EDA are similar isosceles triangles 

      angle 𝐷𝐴𝐸 = angle ADE 

      = angle 𝐵𝐴𝐷 

     (alternate angles, CA and DE are parallel) 

 

 

6 Solutions: 

 

(a) ∠𝐵𝐴𝐶 = 90° (rt ∠in semicircle) 

     ∠𝐷𝐸𝐹 = 90° (rt ∠in semicircle) 

     ∠𝐵𝐴𝐶 = ∠𝐷𝐸𝐹 

     ∠𝐴𝐶𝐵 = ∠𝐸𝐹𝐷 (∠𝑠 in same segment) 

     ∆𝐴𝐵𝐶 and ∆𝐸𝐷𝐹 are similar 

 

(b) ∠𝑃𝐹𝐸 = ∠𝐹𝐷𝐸   (∠𝑠 in alt seg/tan chord thm) 

                = ∠𝐴𝐵𝐶    (similar ∆𝑠, shown above) 

 

 

7 Solution: 

 

𝐵𝐴𝑆 = 𝐴𝐶𝐵    (Alternate segment Theorem) 

𝐵𝐴𝑆 = 𝐴𝐸𝐹    (Alternate angles, 𝐸𝐹 ∥ 𝑆𝑇) 

𝐵𝐸𝐹 = 180°   𝐴𝐸𝐹 (Adjacent angles on a straight line) 

𝐴𝐶𝐵 + 𝐵𝐸𝐹 − 𝐴𝐶𝐵 + 180°     𝐴𝐶𝐵 

𝐴𝐶𝐵 + 𝐵𝐸𝐹         180° 
 

𝐶𝐴𝑇 = 𝐴𝐵𝐶    (Alternate segment Theorem) 

𝐶𝐴𝑇 = 𝐸𝐹𝐴    (Alternate angles, 𝐸𝐹 ∥ 𝑆𝑇) 

𝐸𝐹𝐶 = 180°   (𝐶𝐴𝑇 − 180°)    𝐴𝐵𝐶 

𝐴𝐵𝐶 + 𝐸𝐹𝐶 = 𝐴𝐵𝐶 + 180°    𝐴𝐵𝐶 

𝐴𝐵𝐶 + 𝐸𝐹𝐶 = 180°  

 

Since 𝐴𝐶𝐵 + 𝐵𝐸𝐹 = 180°  (angles in opposite segment) 

And 𝐴𝐵𝐶 + 𝐸𝐹𝐶 = 180°    (angles in opposite segments) 

Therefore 𝐵𝐶𝐹𝐸 is a cyclic quadrilateral. 

 

 


